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Abstract

We relate the topology of the Morse boundary of a group to geometric and algo-
rithmic properties of the group. In particular, we show that a group has σ-compact
Morse boundary if and only if it is Morse local-to-global. We also provide tools such as
the geodesic Morse local-to-global property to show that groups are (not) Morse local-
to-global. Our strategy generalizes tools from small cancellation theory, such as the
intersection of relators, to arbitrary finitely generated groups. Further, we introduce
a class of groups akin to graded small-cancellation groups and show that, for groups
in this class, a geodesic is Morse if and only if its intersection with relators grows
sublinearly in the length of the relators.

We use this to construct the first example of a non-virtually cyclic Morse local-to-
global group with an infinite-order Morse element that is not acylindrically hyperbolic.

1 Introduction

Since the introduction of hyperbolic and relatively hyperbolic groups by Gromov [Gro87],
many different notions of negative curvature for groups have been introduced. For in-
stance, being (weakly) acylindrically hyperbolic, having contracting geodesics, admitting a
loxodromic WPD element in an action on a hyperbolic space, having hyperbolically embed-
ded subgroups, being a non-product hierarchically hyperbolic group, or having the Morse
local-to-global property without being Morse limited [Osi16, Ham08, Sis18, DGO17, BF02,
BBF13, BHS19, RST22]. Many of these properties are known to imply or not imply others
[BBF13, Sis16, BBFS19, BHS17], and several have been shown to be equivalent to acylin-
drical hyperbolicity by Osin in his landmark paper [Osi16].

One common feature among all the above notions of negative curvature is the existence
of Morse geodesics. In a hyperbolic space, all geodesics are Morse, a property that, in
fact, characterizes hyperbolic spaces [Gro87]. In light of this, Morse geodesics are often
thought of as the “hyperbolic-like” directions in a space, and negatively or non-positively
curved spaces that are not hyperbolic typically have a combination of Morse and non-Morse
geodesics. The collection of Morse geodesics can be organized using the Morse boundary
of the space [Cor17]. Modeled on the Gromov boundary of a hyperbolic space, the Morse
boundary consists of equivalence classes of Morse geodesic rays in (a Cayley graph of) a
finitely generated group. The condition that a group contains a Morse ray is equivalent to
having non-empty Morse boundary. However, a non-empty Morse boundary alone is not
sufficient to ensure that the group satisfies any of the above kinds of negative curvature.
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For example, Osin, Olshanskii, and Sapir construct torsion groups that Fink shows contain
Morse geodesics [OOS09, Fin17].

Question 1. Are there topological conditions on the Morse boundary that detect any of
the above generalizations of hyperbolicity?

We give a positive answer to this question by connecting the topology of the Morse
boundary to the geometry of the group and to its language theory.

Theorem 1.1. For a finitely generated group G “ xS | Ry, the following are equivalent.

(1) G has strongly σ–compact Morse boundary

(2) G does not satisfy the general IPSC condition.

(3) G is geodesic Morse local-to-global.

(4) G is Morse local-to-global.

(5) G has σ–compact Morse boundary.

(6) Morse geodesics in CaypG,Sq form regular languages. That is, for every Morse gauge
M , there exists a Morse gauge M 1 and regular language LM consisting of M 1–Morse
geodesics CaypG,Sq which contains all M–Morse geodesics in CaypG,Sq.

The Morse boundary of a group is (strongly) σ-compact if it is the union (direct limit) of
countably many compact sets; see Definition 2.11. Compact subsets of the Morse boundary
correspond to closed subsets of Morse strata [CH17, CD19, CSZ24], so having a σ–compact
Morse boundary means that there is a countable collection of Morse gauges Mi such that
every Morse geodesic is Mi–Morse for some i.

The IPSC condition is a technical condition introduced in [Zbi24b] for small cancel-
lation groups that controls intersection patterns of relators. In this paper, we introduce
projective geodesics in an arbitrary finitely generated group, which generalize the notion of
intersection of relators; see Definition 3.1. The general IPSC condition is an analogue of the
IPSC condition for arbitrary finitely generated groups that controls projective geodesics; see
Definition 3.5.

Hyperbolic groups are characterized by a local-to-global property: every local quasi-
geodesic is a global quasi-geodesic [Gro87]. Morse local-to-global groups, defined by Russell,
Spriano, and Tran [RST22], are characterized by the same property for local quasi-geodesics
that are also locally Morse, that is, those that locally look like a quasi-geodesic in a hyper-
bolic space; see Definition 2.1. A group is geodesic Morse local-to-global (Definition 2.8) if
all geodesics which are locally Morse are globally Morse. In practice, the geodesic Morse
local-to-global property is often easier to check than the Morse local-to-global property.

Being Morse local-to-global has several strong consequences, including a combination
theorem for stable subgroups, a growth gap and excellent algorithmic properties [RST22,
CRSZ22, DSZ25]. Moreover, non-elementary Morse local-to-global groups always admit a
stable free subgroup [RST22, Corollary I]. Stable subgroups of a finitely generated group are
a natural generalization of quasi-convex subgroups of hyperbolic groups. Stable subgroups
that are virtually F2 appear in many of the notions of negative curvature described above,
for example, as the subgroup generated by two independent loxodromic WPD elements in
an acylindrically hyperbolic group.
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Corollary 1.2. If the Morse boundary of a finitely generated group G is σ-compact and has
cardinality at least 3, then G has a stable F2 subgroup.

Corollary 1.2 fits into a body of work showing that the Morse boundary detects algebraic
and subgroup properties of groups [KMZ24, CD19]. Corollary 1.2 suggests that when the
Morse boundary of G is σ–compact, it should be possible to use the action of the G on
its Morse boundary to play ping-pong. Hence we expect the study of the dynamics of the
action on the Morse boundary in this context to be profitable.

Theorem 1.1 is known for C 1p1{9q–small-cancellation groups [HSZ24]. Specifically, (4) ùñ

(6) and (6) ùñ (1) are shown in [CRSZ22] and [HSZ24], respectively, for all finitely gen-
erated groups, and (1) ùñ (5) follows from the definition. The implications (5) ðñ (2)
and (2) ùñ (3) ùñ (4) are shown in [Zbi24b] and [HSZ24], respectively, for C 1p1{9q–small-
cancellation groups. This is illustrated in Figure 1. The proofs in the small cancellation
setting rely heavily on the geometric restrictions coming from being a small-cancellation
group, specifically on the description of Morse geodesics in such groups as those whose
intersection with relators is sublinear [ACGH19, Corollary 4.14].

In this paper, we generalize these geometric restrictions from small cancellation groups
to arbitrary finitely generated groups. One key tool, mentioned above, is the notion of a
projective loop and a projective geodesic; see Definition 3.1. We also define the intersection
function of a geodesic, which measures the length of subsegments of the geodesic that are
projective geodesics in a projective loop; see Definition 3.2. Using [ACGH17, Theorem 1.4],
we prove the following key lemma.

Lemma 1.3 (Key lemma). A geodesic in a geodesic metric space is Morse if and only if
its intersection function is sublinear.

In light of Lemma 1.3, projective loops should be thought of as analogues of relators
from small-cancellation groups, and projective geodesics roughly capture intersections with
relators. With these generalizations and the key lemma in hand, the proofs of (5) ùñ

(2) ùñ (3) for small-cancellation groups can be adapted to the setting of finitely generated
groups.

For (3) ùñ (4), a main ingredient is that any locally Morse locally quasi-geodesic path
that stays “somewhat” close to the geodesic between its endpoints has to stay “very close”;
see Lemma 3.11. Finally, for (5) ùñ (1), we carefully study the concatenation of quasi-
geodesics. Our main tool is the following lemma.

Lemma 1.4. Let G be a non-hyperbolic finitely generated group with non-empty Morse
boundary, and let X “ CaypG,Sq for some finite generating set S of G. There exists
a constant C such that for any sequence pγnqn of geodesic segments in X, there exists a
C–quasi-geodesic η such that

1. for all n P N, there exists a translate of γn which is a subsegment of η; and

2. if γn is M–Morse for all n P N, then η is M 1–Morse for a Morse gauge M 1 only
depending on M .

1.1 Connections to acylindrical hyperbolicity

We next investigate the connection between the Morse local-to-global property and acylin-
drical hyperbolicity. Not all Morse local-to-global groups are acylindrically hyperbolic: there
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are straightforward obstructions, such as the group being virtually cyclic or not containing
a Morse element. We show that, even avoiding these obstructions, acylindrical hyperbolicity
does not follow from being Morse local-to-global, answering a question of Russell, Spriano,
and Tran [RST22, Question 5].

Theorem 1.5. There exists a finitely generated, non-virtually cyclic Morse local-to-global
group with an infinite-order Morse element that is not acylindrically hyperbolic.

The construction of the group in Theorem 1.5 is inspired by the authors’ construction of
a small cancellation group with a Morse element that cannot be loxodromic in any action
on a hyperbolic space [AZ25]. However, small cancellation groups are always acylindrically
hyperbolic, so the construction from [AZ25] cannot produce a Morse local-to-global group
that is not acylindrical hyperbolic.

In this paper, we define a generalization of the small cancellation condition, which we call
expanding graded small cancellation (see Definition 4.5), that is closely related to graded
small cancellation as defined by Olshanskii, Osin, and Sapir [OOS09]. The group G we
construct to prove Theorem 1.5 is an expanding graded small cancellation group.

We generalize tools introduced by Arzhantseva, Cashen, Gruber, and Hume [ACGH19]
to understand Morse geodesics in expanding graded small-cancellation groups. In particular,
we define an analogue of the intersection function in small cancellation groups that measures
the length of the intersection of a geodesic with relators, which we call the relator intersection
function; see Definition 4.25.

Proposition 1.6. Let G “ xS | Ry “ xS |
Ť8

i“1 Riy be a balanced expanding graded small
cancellation group. A geodesic in CaypG,Sq is Morse if and only if its relator intersection
function is sublinear.

The term balanced in the statement of the proposition is a technical condition; see the
discussion after Proposition 4.26 for the definition. Using Proposition 1.6, we show that
the group G contains an infinite-order Morse element. Moreover, we show that its Morse
boundary is σ–compact by giving a sequence of explicit sublinear functions bounding the
relator intersection function of each Morse geodesic. This is sufficient to conclude that G is
Morse local-to-global by Theorem 1.1(4) ðñ (5).

To show the group G we build is not acylindrically hyperbolic, we show that it has the
stronger property that no element is a loxodromic isometry in an action of G on a hyperbolic
space. This property was introduced by Balasubramanya, Fournier-Facio, and Genevois and
is called property (NL) [BFFGS22].

Theorem 1.7. There exists a finitely generated, non-virtually cyclic Morse local-to-global
group with an infinite order Morse element that has property (NL).

1.2 Further directions

Theorem 1.1 provides new tools to check whether groups are Morse local-to-global. In this
paper, these tools were used to probe the connection between the Morse local-to-global prop-
erty and acylindrical hyperbolicity. Another interesting direction would be to investigate
the connection with the Dehn function of a group.

Question 2. Can the tools developed in this paper be used to show that all groups with
quadratic Dehn function are Morse local-to-global?
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Figure 1: Diagram of implications. The black solid arrows are implications already known
for all finitely generated groups, the dotted red arrows are implications known for C 1p1{9q–
small-cancellation groups and the blue arrows are implications we prove in this paper for
all finitely generated groups.

To generalize the proof of Theorem 1.1 from small-cancellation groups to finitely gen-
erated groups, we introduce projective loops, which exhibit behavior similar to relators in
small-cancellation groups. One can ask how far-reaching this correspondence between pro-
jective loops and relators is. We say that a group admits a projective loop presentation if
all relators are projective loops.

Question 3. Which groups admit a projective loop presentation? Which admit a finite
projecive loop presentation?

Given the strong algebraic, geometric, and algorithmic consequences of admitting a
small-cancellation presentation, one may expect similar consequences for groups admitting
a finite projective loop presentation. For example:

Question 4. If G admits a finite projective loop presentation, is G Morse local-to-global?
Does G have solvable word problem?

Projective loop presentations have geometric connections to the group, and so it is
natural to ask whether it is possible to algorithmically compute such a presentation. While
such a computation is likely difficult to do in general, perhaps it becomes more tractable if
one starts with a presentation that already has good algorithmic properties, such as a Dehn
presentation.

Question 5. Are there classes of groups for which one can algorithmically compute a
projective loop presentation? Can one compute a projective loop presentation from a Dehn
presentation?
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Outline. We discuss the preliminaries in Section 2. Section 3 is dedicated to the proof of
Theorem 1.1; see also Figure 1 for an illustration. We define the general IPSC condition in
Section 3.1, and the remainder of the section is devoted to proving the remaining equivalences
in Theorem 1.1. In particular, we prove (1) ùñ (2) in Section 3.2; (2) ùñ (3) in Section 3.3;
(3) ùñ (4) in Section 3.4; and (5) ùñ (1) in Section 3.5. In Section 4, we introduce
expanding graded small-cancellation groups and develop tools surrounding these groups. We
then construct a particular expanding graded small-cancellation group that has σ-compact
Morse boundary but is not acylindrically hyperbolic in Section 4.4, proving Theorem 1.5.
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2 Preliminaries

Given a metric space X and a subset Y Ď X, we denote the closed r–neighbourhood of Y
by NrpY q.

A map f : pX, dXq Ñ pY, dY q of metric spaces is a pλ, cq–quasi-isometric embedding for
constants λ ě 1 and c ě 0 if for all x, y P X, we have that

λ´1dXpx, yq ´ c ď dY pfpxq, fpyqq ď λdXpx, yq ` c.

A quasi-isometry is a quasi-isometric embedding which is also coarsely surjective, meaning
that Y Ď NRpfpXqq for some constant R ě 0.

A pλ, cq–quasigeodesic in X is a pλ, cq–quasi-isometric embedding of an interval into X.
When the constants λ and c are the same, we simply call such path a λ-quasigeodesic. A
geodesic is a p1, 0q-quasigeodesic, that is, an isometric embedding of an interval.

A metric space is geodesic (resp. pλ, cq-quasigeodesic) if any two points are connected by
a geodesic (resp. pλ, cq-quasigeodesic). For δ ě 0, a geodesic metric space X is δ–hyperbolic
if, for every three points x, y, z P X, we have rx, ys Ď Nδprx, zsYrz, ysq; we say that geodesic
triangles in a δ-hyperbolic space are δ-slim. If the particular choice of δ is not important,
we simply say that X is hyperbolic.

Let X be a geodesic metric space. For points x, y P X, we denote by rx, ys a fixed choice
of geodesic from x to y. By an abuse of notation, we denote the image Imppq of a path
p : I Ñ X by p and its initial and terminal endpoints by p´ and p`, respectively. Given
x, y P p, we denote by rx, ysp a choice of subsegment prs, ts such that ppsq “ x and pptq “ y
and s ď t. We denote the length of (the domain of) p by |p|.

If S denotes a finite set of formal variables, then S´1 denotes its formal inverses, and S
denotes the symmetrised set S YS´1. A word w over S (respectively S) is a finite sequence
of elements in S (respectively S). By an abuse of notation, we sometimes allow words to be
infinite.

A word w over S is cyclically reduced if it is reduced and all its cyclic shifts are reduced.
Given a set R of cyclically reduced words, we denote by R the cyclic closure of R Y R´1. If
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R “ twu we sometimes denote R by w. Given a cyclically reduced word r, we say that w is
a cyclic subword of r if w is a subword of a word in r.

Let CaypG,Sq be the Cayley graph of G with respect to the generating set S. By a path
p in CaypG,Sq, we always mean a combinatorial path. The label of p is a word in S; note
that the label of p also represents a word in G.

Given a cycle K, we say a 1–Lipschitz map C : K Ñ X is an embedded cycle. If G “

xS | Ry acts by isometries on a metric space X, then we can view each r P R as an
embedded cycle in X in the following way. The orbit map G Ñ X sending g to gx0 for
some fixed basepoint x0 P X allows us to view r “ s1s2 . . . sk as a sequence of points
x0, s1x0, s1s2x0, . . . , s1s2 . . . sk´1x0, which we connect, in order, with geodesics in X. Let
M “ maxtdXpx0, sx0q | s P Su, and modify CaypG,Sq so that each edge has length M .
Then the orbit map restricted to r is a 1–Lipschitz map.

2.1 The Morse local-to-global property

In this section, we define the Morse local-to-global property, a property introduced in
[RST22].

A function M : Rě1 Ñ Rě0 is a Morse gauge if it is non-decreasing and continuous.
A quasi-geodesic γ is M -Morse for some Morse gauge M if every Q–quasi-geodesic λ with
endpoints γpsq and γptq stays in the closedMpQq–neighbourhood of γrs, ts. A quasi-geodesic
is Morse if it is M–Morse for some Morse gauge M . It is clear from the definition that
every subpath of an M–Morse quasi-geodesic is again M–Morse. An element a of a finitely
generated group G is Morse if the subset taiuiPZ in some (equivalently, any) Cayley graph
of G is a Morse quasi-geodesic.

We say a path p : I Ñ X L–locally satisfies a property pP q if for every s, t P I with
|t ´ s| ď L the subpath prs, ts has the property pP q. The following property, introduced
by Russell, Spriano, and Tran in [RST22], generalizes the property of Gromov hyperbolic
spaces that every local quasi-geodesic is a global quasi-geodesic.

Definition 2.1 (Morse local-to-global). A metric space X satisfies the Morse local-to-global
(MLTG) property if the following holds. For any constant Q ě 1 and Morse gauge M , there
exists a scale L, a constant Q1 ě 1 and a Morse gauge M 1 such that every path that is
L–locally an M–Morse Q–quasi-geodesic is an M 1–Morse Q1–quasi-geodesic.

We say that a MLTG group is elementary if its virtually cyclic or does not contain any
Morse ray.

We now recall some basic facts about (local) quasi-geodesics in metric spaces.

Lemma 2.2 ([DSZ25, Lemma 2.6]). Let γi, i “ 1, 2, be two C–quasi-geodesic segments with
endpoints at distance d. Then for all µ ě d there exists µ1 such that if γ1 Ď Nµpγ2q then
γ2 Ď Nµ1 pγ1q.

The following is a well-known fact about Morse quasi-geodesic and follows from [Zbi24a,
Lemma 2.8 ix)]. We note that the result in [Zbi24a] is stated for quasi-geodesic triangles,
but the proof generalizes to quasi-geodesic quadrangles by dividing the quadrangle into two
triangles.

Lemma 2.3. Let X be a geodesic metric space, let M be a Morse gauge, and let C ě 1 be
a constant. There exists a Morse gauge M2 such that the following holds for all C–quasi-
geodesic quadrangles ∆ “ pγ1, γ2, γ3, γ4q, that is, for all quadruples of C–quasi-geodesics
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γ1, . . . γ4 such that γ`
i “ γ´

i`1 for all 1 ď i ď 4 (here we define γ´
5 “ γ´

1 ). If γ1, γ2 and γ3
are M–Morse, then γ4 is M 1–Morse.

For geodesic quadrangles, the following lemma follows from [Cor17, Lemma 2.2]. A
quadrangle is δ–slim if each point on one of the sides is contained in the δ–neighborhood of
one of the other three sides.

Lemma 2.4. Let X be a geodesic metric space, let M be a Morse gauge, and let C ě 1 be a
constant. There exists δ ě 0 such that any C–quasi-geodesic quadrangle ∆ “ pγ1, γ2, γ3, γ4q

such that each γi is M–Morse is δ–slim.

Proof. We show the result holds for triangles with some constant δ1, and then by dividing
∆ into two triangles we obtain the result with δ “ 2δ1.

Let pα1, α2, α3q be a C–quasi-geodesic triangle with M–Morse sides, and let βi be a
geodesic with the same endpoints as αi. Then βi is contained in the M–neighborhood of αi

and hence is M 1–Morse for some M 1 depending only on M and C [Zbi24a, Lemma 2.8 x].
By [Cor17, Lemma 2.2], there is a constant δ2 depending only on M 1 such that the geodesic
triangle pβ1, β2, β3q is δ2–slim. By Lemma 2.2, there is some µ depending on C and M such
that each βi is contained in the µ–neighborhood of αi. It follows that the quasi-geodesic
triangle pα1, α2, α3q is pδ ` 2maxtµ,Muq–slim.

The next two lemmas give critera for when the concatenations of certian quasi-geodesics
is a quasi-geodesic. The first is well-known; a similar version appears in, for example,
[QR24].

Lemma 2.5. Let p, q P X, and let γ : r0, T s Ñ X be a pK,Cq–quasi-geodesic. Let t, t1 P

r0, T s be such that γptq and γpt1q are points on γ closest to p and q, respectively. Let α be a
geodesic from p to γptq and β a geodesic from γpt1q to q. Then

1. the path α ˚ γrt, T s is a p3K,Cq–quasi-geodesic; and

2. if |t ´ t1| ě 3Kpdpp, γptqq ` dpq, γpt1qq, then α ˚ γrt, t1s ˚ β is a p3K,Cq–quasi-geodesic.

The next lemma states that local quasi-geodesics contained in a uniform neighbourhood
of a geodesic are, in fact, global quasi-geodesics.

Lemma 2.6 ([RST22, Lemma 2.14]). Let γ : I Ñ X be an L–locally Q–quasi-geodesic and
C ě 0. Let s, t P I. If L ą Qp3C ` Q ` 2q and γrs, ts is contained in the C–neighbourhood
of a geodesic from γpsq to γptq, then γrs, ts is a Q1–quasi-geodesic where Q1 depends only on
Q and C.

Further, a quasi-geodesic that stays close to a local Morse quasi-geodesic is itself locally
Morse.

Lemma 2.7 ([HSZ24, Lemma 2.12]). Let M be a Morse gauge and let Q ě 1 be a constant.
There exists a Morse gauge M 1 such that the following holds. Let L1 ě 0 be a scale. There
exists a scale L such that any Q–quasi-geodesic in the Q–neighbourhood of an L–locally
M–Morse Q–quasi-geodesic is L1–locally M 1–Morse.

He, Spriano, and the second author introduced the following version of the MLTG prop-
erty [HSZ24].

Definition 2.8 (Geodesic MLTG). A geodesic metric space X satisfies the geodesic MLTG
property if for every Morse gauge M , there exists a constant L and a Morse gauge M 1 such
that every geodesic which is L–locally M–Morse is M 1–Morse.

8



2.2 The Morse boundary

Defined by Cordes [Cor17], the Morse boundary B˚X of a geodesic metric space X is the set
of all Morse geodesic rays, up to bounded Hausdorff distance. A discussion of the topology
on B˚X can be found in [Cor17]. The Morse boundary is a quasi-isometry invariant, and thus
we can define the Morse boundary of a finitely generated group G to be B˚G “ B˚CaypG,Sq

for some (equivalently, any) finite generating set S of G.
A topological space Y is σ–compact if it is the union of countably many compact subsets.

In the case of the Morse boundary of a proper geodesic metric space, this is equivalent to
the following definition, by [HSZ24, Lemma 2.7].

Definition 2.9. The Morse boundary B˚X of a proper geodesic metric space X is σ–
compact if there exists an increasing sequence pMnqnPN of Morse gauges such that every
Morse geodesic ray is Mn–Morse for some n possibly depending on the ray.

Lemma 2.10. Let G “ xS | Ry be a finitely generated group with non-empty Morse boundary
and let q ě 1, Q ě 0 be constants. The Morse boundary B˚G of G is σ–compact if and only
if there exists an increasing sequence pMnqn of Morse gauges such that any Morse pq,Qq–
quasi-geodesic is Mn–Morse for some n possibly depending on the quasi-geodesic.

Proof. The only if part is immediate. We now prove the if part. Assume B˚G is σ-compact.
That is, there exists a sequence pMnqn of Morse gauges such that every Morse geodesic ray
is Mn–Morse for some n. Since there are only countable many pairs of vertices, we may
assume (by potentially increasing the Mn) that any geodesic segment between a pair of
vertices is Mn–Morse for some n.

By [Zbi24a, Lemma vi), ix) and x)] there exists a sequence pM 1
nqn of Morse gauges

such that if γ is an Mn–Morse geodesic, and γ1 is a pq,Qq–quasi-geodesic whose endpoints
coincide with the endpoints of γ if they are in the boundary, or have distance at most 1
from the endpoints of γ if they are in CaypG,Sq, then γ1 is M 1

n–Morse.
Let γ be a Morse pq,Qq–quasi-geodesic and let γ1 be a geodesic such that each endpoint is

either a vertex of CaypG,Sq, in which case it has distance at most 1 form the corresponding
endpoint of γ, or the endpoint is in the boundary, in which case is coincides with the
corresponding endpoint of γ. If γ is Morse, then by [Zbi24a, Lemma vi), ix) and x)], so is
γ1. By the definition of pM 1

nqn, we have that γ1 is Mn–Morse for some n, which in turn
implies that γ is M 1

n–Morse, concluding the proof.

The statement of Lemma 2.10 restricted to geodesics states that B˚X is σ–compact if
and only if there exists an increasing sequence pMnqn of Morse gauges such that any Morse
geodesic is Mn–Morse for some n. Given two M–Morse geodesics, one of which is Mn–
Morse and one of which is Mn1–Morse, by taking the maximum of the two Morse gauges, we
see that they are both (without loss of generality) Mn–Morse. However, given an infinite
sequence of M–Morse geodesics, this process does not work, and, a priori, there may not be
an n such they are all Mn–Morse. There is also the stronger notion of strong σ–compactness
of the Morse boundary, which is due to He, Spriano, and the second author[HSZ24], which
requires there to be such an n.

Definition 2.11. Ametric spaceX has strongly σ–compact Morse boundary if there exists a
sequence of Morse gauges pMnqnPN such that for every Morse gaugeM there exists n “ npMq

such that all M–Morse geodesic rays are Mn–Morse.

If X is the Cayley graph of a group, then having strongly σ-compact Morse boundary
also allows us to control the Morseness of geodesic segments as opposed to geodesic rays.
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Lemma 2.12. Let G “ xS | Ry be a finitely generated group with non-empty Morse bound-
ary. The Morse boundary B˚G is strongly σ-compact if and only if there exists a sequence
of Morse gauges pMnqn such that for every Morse gauge M , there exists n “ NpMq such
that all M–Morse geodesics segments are Mn–Morse.

Proof. ùñ : Let X “ CaypG,Sq. Assume that B˚G is strongly σ-compact. That is, there
exists a sequence pMnqn of Morse gauges such that for all M , there exists n “ npMq such
that BM

x0
X Ď BMn

x0
X for all choices of basepoints x0 P X. Next we use the following, see

[Zbi23, Lemma 2.28]: every finite segment γ starting at a basepoint x0 has an associated
geodesic ray λγ starting at x0 such that the following holds: if λγ or γ are M–Morse, then
the other is M 1–Morse for a Morse gauge ΦpMq only depending on M . We show that the
second part of the equivalence holds for the sequence pΦpMnqqn. LetM be a More gauge and
let γ be an M–Morse geodesic. By translating γ we may assume that γ starts at x0. Hence
the associated geodesic ray λγ is ΦpMq–Morse. Since B˚G is strongly σ-compact, there
exists n “ npΦpMqq such that λγ is Mn–Morse. The latter implies that γ is ΦpMnq–Morse.

ðù : Let pMnqn be a sequence of Morse gauges satisfying the right hand side of the
equivalence and let M be a Morse gauge. There exists an integer n “ npMq such that M–
Morse all finite geodesic segments are Mn–Morse. In particular, if γ is an M–Morse geodesic
ray starting at some basepoint x0, all its finite subsegments are M–Morse and hence Mn–
Morse. This implies that γ is Mn–Morse. Since this works for any γ BM

x0
X Ď BMn

x0
X,

implying that B˚G is strongly σ-compact.

3 Circle of equivalences of MLTG

The goal of this section is to prove Theorem 1.1. We prove (1) ùñ (2) in Section 3.2,
(2) ùñ (3) in Section 3.3, and (3) ùñ (4) in Section 3.4. The implication (4) ùñ (6) is
due to [CRSZ22, Theorem D] and (6) ùñ (1) follows from work of the second author with
He and Spriano: in the proof [HSZ24, Theorem A], they only use (6) to conclude strong
σ-compactness of the Morse boundary. Finally, we prove (5) ùñ (1) in Section 3.5, and
(1) ùñ (5) follows by definition. This series of implications is also depicted in Figure 1.

Several of the equivalences of Theorem 1.1 were already known in the special case of
small cancellation groups. In particular, He, Spriano, and the second author showed the
equivalence of (5), (1), and (4) in the case of a C 1p1{9q small cancellation group [HSZ24,
Theorem C]. Further, Druţu, Spriano, and the second author showed the equivalence (4) and
(5) when the group admits a bounded quasi-geodesic bicombing [DSZ25]. In this section,
we show how to generalize common techniques from small cancellation to arbitrary finitely
generated groups. In Section 3.1, we define a projective geodesic, which can be thought of
as an analogue of a subsegment of a relator. We use projective geodesics to introduce the
general increasing partial small cancellation condition (IPSC), which was originally defined
in the context of C 1p1{6q small cancellation groups using relators [Zbi23] . For arbitrary
finitely generated groups, we define IPSC using projective geodesics.

3.1 Definition of general IPSC

The increasing partial small-cancellation condition (IPSC) was introduced by the second
author in [Zbi23] for C 1p1{6q small cancellation groups G “ xS | Ry. Roughly speaking,
given a sufficiently nice function f , IPSC quantifies the property of having sufficiently long
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γ

x “ y

γπγpyq πγpxq

y
x

ď dpx, γ`q

Figure 2: Left: a projective loop. Right: A short subsegment γ of a relator in a small
cancellation group satisfies the definition of a projective geodesic by choosing x “ y to be
an antipodal point on the relator.

subwords w of longer and longer relators such that every piece of a relator r P R that is a
subword of w has length at most |r|{fp|r|q.

In this section, we generalize the IPSC condition to arbitrary finitely generated groups
that are not necessarily small cancellation groups. To do so, we first generalize the notion
of a subsegment of a relator; see Figure 2.

Definition 3.1 (Projective geodesic). A geodesic γ is r–projective if there exist two points
x, y P X such that

1. r “ dpx, γ`q ` dpx, yq ` dpy, γ´q ` |γ|;

2. dpγ`, xq ě dpx, yq;

3. γ` is a closest point projection of x onto γ; and

4. γ´ is a closest point projection of y onto γ.

We call the triple px, y, γq a projective loop and r the loop length.

In small cancellation groups, an intersection function of a geodesic roughly measures the
length of the longest intersection with a relator of length at most t. Here, we generalize this
notion to arbitrary finitely generated groups using projective geodesics.

Definition 3.2 (Intersection function). The intersection function ργ : N Ñ Rě0 of a geodesic
γ is defined as follows:

ργptq “ maxt|γ1| | γ1 is an r-projective subpath of γ for some r ď tu.

Given a function ρ, a geodesic γ is ρ–intersecting if its intersection function ργ is at most ρ.

Arzhantseva, Cashen, Gruber, and Hume showed that a geodesic in a small cancellation
group is Morse if and only if its intersection function (in the small cancellation sense) is
sublinear [ACGH19, Corollary 4.14]. We will show the same holds for a general finitely
generated group with this more general notion of intersection function. We will use the
following result, which gives a connection between Morse and contracting geodesics.

Lemma 3.3 ([ACGH17, Theorem 1.4]). Let Y be a subspace of a geodesic metric space X.
The following are equivalent.

11



1. There exists a Morse gauge M such that Y is M–Morse.

2. There exists a non-decreasing sublinear function ρ such that Y is pr, ρq–contracting.

We are now ready to show that a geodesic is Morse if and only if its intersection function
is sublinear.

Lemma 3.4 (Sublinearly intersecting versus Morse). A geodesic is Morse if and only if its
intersection function is sublinear. Moreover, this equivalence is quantitative in the following
sense.

• For every Morse gauge M , there exists a sublinear function ρ such that all M–Morse
geodesics are ρ–intersecting.

• For every (non-decreasing) sublinear function ρ, there exists a Morse gauge M such
that all ρ–intersecting geodesics are M–Morse.

Proof. For the first bullet point, let M be a Morse gauge, and let γ be an M–Morse geodesic.
Recall that all subsegments of γ are M–Morse. By Lemma 3.3, there exists a non-decreasing
sublinear function ρ such that every M–Morse geodesic is pr, ρq–contracting. Let px, y, γ1q

be an ℓ–projective loop such that γ1 is a subsegment of γ. Since γ1 is pr, ρq–contracting,
we have that |γ1| ď ρpdpx, γ1`qq ď ρpℓq. Hence, the intersection function ργ of γ satisfies
ργ ď ρ.

For the second bullet point, let ρ be a (non-decreasing) sublinear function, and let γ be a
geodesic whose intersection function ργ satisfies ργ ď ρ. Let x P X, let y P Bdpx,γqpxq, and let
px, py be closest point projections of x and y onto γ. Then px, y, rpy, pxsγq is a projective loop.
Our choice of y ensures that dpx, yq ď dpx, rpy, pxsγq, and hence dpy, pyq “ dpy, rpy, pxsγq ď

2dpx, pxq. Hence, by the triangle inequality, the loop length of px, y, rpy, pxsγq is at most
8dpx, pxq. Consequently dppx, pyq ď ρp8dpx, pxqq. This inequality holds for any point y P

Bdpx,γqpxq, so by the triangle inequality, dppz, pwq ď 2ρp8dpx, pxqq for all points z, w P

Bdpx,γqpxq and their closest point projections pz, pw onto γ. This shows that γ is pr, ρ1q–
contracting for the function ρ1 defined via ρ1pxq “ 2ρp8xq. Thus, Lemma 3.3 yields a Morse
gauge M depending only on ρ such that γ is M–Morse.

We are now ready to define the general increasing partial small cancellation condition.
The main difference between this and the original definition of IPSC is that here we use
ℓ–projective geodesics instead of relators. In this paper, we will always be considering this
condition in the context of a finitely generated group, and hence we continue to simply call
this condition IPSC if no confusion is possible.

Definition 3.5 (General IPSC). A finitely generated group G “ xS | Ry satisfies the
general increasing partial small-cancellation condition (IPSC) if for every sequence pniqiPN
of positive integers, there exists a non-decreasing sublinear function ρ such that the following
holds. For all K ě 0, there exists i ě K and an ℓ-projective geodesic γ such that

(i) ℓ ě ni,

(ii) |γ| ě ℓ{i, and

(iii) the geodesic γ is ρ–intersecting.

12



3.2 Strongly σ–compact Morse boundary implies not IPSC

In this subsection, we prove Theorem 1.1(1) ùñ (2): no group with strongly σ-compact
Morse boundary satisfies the IPSC condition; see Theorem 3.7.

We first use the results from Section 3.1 to relate having strongly σ-compact Morse
boundary and having countably many sublinear functions that capture the intersection
function of all geodesic segments.

Lemma 3.6. Let G “ xS | Ry be a finitely generated group whose Morse boundary is
strongly σ–compact. Then there exists a countable collection pρnqn of non-decreasing sub-
linear functions with ρn´1 ď ρn such that the following holds. For every non-decreasing
sublinear function ρ, there exists n “ npρq such that all ρ–intersecting geodesic segments in
CaypG,Sq are ρn–intersecting.

Proof. By Lemma 2.12, there exists a sequence of Morse gauges pMnqn such that for ev-
ery Morse gauge M , there exists n “ npMq such that any M–Morse geodesic segment in
CaypG,Sq is Mn–Morse. By Lemma 3.4 there exists a sequence of non-decreasing sublinear
functions pρnqn such that any Mn–Morse geodesic is ρn–intersecting. By potentially replac-
ing ρn with the point-wise maximum of ρ0, . . . , ρn we can assume that ρn´1 ď ρn for all
n.

Let ρ be a non-decreasing sublinear function. By Lemma 3.4, there exists a Morse gauge
M such that all ρ–intersecting geodesics are M–Morse. Hence, choosing npρq “ npMq, we
obtain that all ρ–intersecting geodesics segments in CaypG,Sq are Mn–Morse and hence
ρn–intersecting.

We are now ready to show the main result of this subsection.

Theorem 3.7. Let G be a finitely generated group. If B˚G is strongly σ–compact, then G
does not satisfy the general IPSC condition.

Proof. Suppose towards a contradiction that B˚G is strongly σ-compact and satisfies the
general IPSC condition. By Lemma 3.6, there are countably many intersection functions
pρiqi with ρi´1 ď ρi such that for every intersection function ρ there exists i such that every
ρ–intersecting geodesic is ρi–intersecting.

We will construct an intersection function ρ, a sequence of ρ–intersecting geodesics pγiqi
and an increasing sequence of integers pkiqi such that for each i, the geodesic γi is not ρki

intersecting. Since ρi ě ρi´1 for all i, this contradicts the existence of an integer j such that
all ρ–intersecting geodesic segments are ρj–intersecting.

For each i ě 1, choose ni ě i such that ρiptq ă t{i for all t ě ni; such an integer always
exists since ρi is sublinear. Since xS | Ry satisfies the general IPSC condition, there exist
a non-decreasing and sublinear function ρ, a sequence of ℓi–projective geodesics γi, and a
sequence of indices ki ě i such that:

1. ℓi ě nki
,

2. |γi| ě ℓi{ki, and

3. the geodesic γi is ρ–intersecting.

By construction of the sequence pniqi, we have that ρiptq ă t{i for all t ě ni. Moreover,
for all i, the geodesic segment γi is ℓi–projective for some ℓi ě nki

. Hence ργi
pℓiq “ |γi| ě

ℓi{ki ą ρki
pℓiq, concluding the proof.
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3.3 Not IPSC implies geodesic MLTG

The main result of this section is Theorem 1.1(2) ùñ (3): groups that do not satisfy
the IPSC condition satisfy the geodesic MLTG property. We follow the proof of [HSZ24,
Proposition 3.2], where He, Spriano and the second author prove the implication in the case
of small cancellation groups.

While most of the proof works for projective geodesics instead of subsegments of relators,
there is one crucial difference: while a subsegment of a subsegment of a relator of length r
is clearly a subsegment of a relator of length r, a subsegment of an ℓ–projective geodesic is
not necessarily ℓ–projective. To overcome this difficulty, we use following auxiliary lemmas,
which allow us to find “good” subsegments of projective geodesics.

Lemma 3.8. Let X be a geodesic metric space, and let px, y, γq be an ℓ–projective loop in
X. There exists an ℓ1–projective loop px1, y1, γ1q for some ℓ1 ď ℓ such that γ1 is a subgeodesic
of γ with |γ|{4 ď |γ1| ď 3|γ|{4.

Proof. Let z ‰ y be a point on rx, ys, and let pz be a closest point projection of z onto
γ. Observe that dpz, γq ě dpz, yq, for if not, then dpx, yq “ dpx, zq ` dpz, yq ą dpx, zq `

dpz, γq ě dpx, γq, which is a contradiction. Thus both px, z, rpz, γ
`sγq and pz, y, rγ´, pzsγq

are projective loops whose loop lengths Lx and Ly satisfy Lx ď ℓ ´ dpγ´, pzq and Ly ď

ℓ ´ dppz, γ
`q.

At least one of dpγ´, pzq and dppz, γ
`q is larger or equal to |γ|{2. If it is also smaller

than 3|γ|{4, we have found our desired loop px1, y1, γ1q and can conclude the proof. If it is
larger or equal to 3|γ|{4, then pz is in the (closed) |γ|{4 neighborhood of γ` or γ´.

It remains to consider the case that for each point z P rx, ys, any closest point projection
pz onto γ is in the (closed) |γ|{4 neighborhood of one of γ´ or γ`. By continuity, there has
to exist a point z P rx, ys and closest point projections p1, p2 of z onto γ such that p1, p2 are
points on γ in the |γ|{4–neighborhood of γ´ and γ`, respectively. Let m be the midpoint
of γ and consider the loop L “ pz, p1, rm, p2sγq. By the triangle inequality, the loop length
of L is at most ℓ. Hence choosing px1, y1, γ1q “ L concludes the proof.

Lemma 3.9. Let X be a geodesic metric space, let px, y, γq be an ℓ–projective loop, and let
C : Rě0

Ñ Rě0 be a non-decreasing function with Cp0q ą 0 such that 0 ă Cpℓq ď |γ|. There
exists an ℓ1–projective loop px1, y1, γ1q for some ℓ1 ď ℓ such that γ1 is a subgeodesic of γ of
length Cpℓ1q ď |γ1| ď 4Cpℓ1q.

Proof. If |γ| ď 4Cpℓq, then we can take px1, y1, γ1q :“ px, y, γq. Otherwise, use Lemma 3.8
to replace the ℓ–projective loop px, y, γq by an ℓ1–projective loop px1, y1, γ1q with ℓ1 ď ℓ. It
follows that Cpℓ1q ď Cpℓq ď |γ1|. Repeat the above two steps until the process stops, which
must occur after a finite number of steps since Cp0q ą 0 and |γ1| ď 3|γ|{4.

We are now ready to prove the main result of this section.

Proposition 3.10. Let G “ xS | Ry be a finitely generated group. If xS | Ry does not
satisfy the IPSC condition, then X “ CaypG,Sq satisfies the geodesic MLTG property.

Proof. We will prove the contrapositive. Assume that G “ xS | Ry does not satisfy the
geodesic MLTG property, so that there exists a Morse gauge M0 such that for all Morse
gauges M ě M0 and all scales L ą 0, there exists a geodesic that is L–locally M0–Morse
but not globally M–Morse. Using the relationship between Morse and sublinearly intersect-
ing from Lemma 3.4, this is equivalent to the existence of a sublinear and non-decreasing
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function ρ0 such that, for all intersection functions ρ ě ρ0 and scales L ą 0, there exists
a geodesic γ which is L–locally ρ0–intersecting but not globally ρ–intersecting. In particu-
lar, for some ℓ, there has to exist an ℓ–projective loop px1, y1, γ1q such that γ1 is L–locally
ρ0–intersecting but |γ1| ą ρpℓq. Let LL,ρ be such an ℓ–projective loop that minimizes rℓs.

We are now ready to prove that G satisfies the general IPSC condition. Let pniqi be
a sequence of integers. We will construct a sublinear function g, sequences of integers
ki ě ki´1 ` 1 and ℓi ě nki and a sequence of ℓi–projective geodesics γi such that for all i,

(I) |γi| ě ℓi{ki,

(II) γi is g–intersecting.

Since ki tends to 8, the existence of such a sequence of geodesics will imply that G
satisfies the IPSC condition and hence conclude the proof. The fact that we do not require
g to be non-decreasing is not a problem: if (II) holds for g it also holds for the sublinear
and non-decreasing function g1 defined via g1ptq “ mintt,maxt1ďttgpt1quu.

Define a function ρ1 : N Ñ Rě0 by

ρ1ptq “ 1 ` max

"

t

j
, ρ0ptq, max

0ďt1ăt
tρ1pt1qu

*

for nj ď t ă nj`1 and j ě 1, and

ρ1ptq “ maxtρ0ptq, tu for t ă n1.

Note that ρ1 is sublinear and non-decreasing. Increasing terms in the sequence pniqi makes
it harder to satisfy ℓi ě nki

(and all other conditions stay the same), so we may assume
ni`1 ě ni ` 1 and, by possibly increasing ni`1 further,

t

4ρ1ptq
ě

t1

ρ1pt1q
` 1 (3.1)

for all t1 ď ni ă ni`1 ď t.
We now inductively construct the sequence of integers ki, ℓi and ℓi–projective geodesics

λi. To start the induction, set k0 “ 6, and let λ0 be a trivial geodesic so that |λ0| “ 0. For
i ě 1, define

Li “ nmaxt|λi´1|,ki´1`2u.

Let ℓ1
i be such that LLi,ρ1 “ pλ1

i, x
1, y1q is an ℓ1

i–projective loop. The geodesic λ
1
i is Li–locally

ρ0–intersecting but not ρ1–intersecting. By minimality of rℓ1
is, we must have |λ1

i| ą ρ1prℓ1
isq.

By Lemma 3.9, there exists an ℓi–projective loop λi with ℓi ď ℓ1
i and

ρ1prℓisq ď |λi| ď 4ρ1prℓisq. (3.2)

Define ki such that nki ď ℓi ă nki`1 . Note that |λi| ě ρ1prℓisq ě ℓi{ki. Moreover, λi

is not ρ0–intersecting, since ρ0 ă ρ1, but because λi is a subsegment of λ1
i, it is Li–locally

ρ0–intersecting. Thus |λ1
i| ą Li, which implies that

ℓi ě |λi| ą Li “ nmaxt|λi´1|,ki´1`2u ě |λi´1|, (3.3)

and hence
ki ě maxt|λi´1|, ki´1 ` 2u ě ki´1 ` 2. (3.4)

With this, for all i, (I) is satisfied, and we have ℓi ě nki .
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It remains to construct a sublinear function g such that (II) is satisfied. To do so, we
first define mi :“ rℓis{|λi|. Using (3.1) and (3.2), we obtain

mi “
rℓis

|λi|
ě

rℓis

4ρ1prℓisq
ě 1 `

rℓi`1s

ρ1prℓi`1sq
ě

rℓi`1s

|λi´1|
“ mi´1 ` 1. (3.5)

Next, for all i, we define the functions gi : N Ñ Rě0 by

giptq “

#

t if t ď rℓis
t

mi
otherwise.

Further, define

g1
iptq “ maxt4ρ1ptq, giptqu and gptq “ min

iPN
tg1

iptqu “ maxt4ρ1ptq,min
iPN

tgiptquu.

The function miniPNtgiptqu is sublinear (see, for example, [HSZ24, Lemma 3.3]), and hence
g, is sublinear.

Fix i. We want to show that λi is g–intersecting. Let γ be an ℓ–projective geodesic
which is a subsegment of λi. It suffices to show that |γ| ă g1

jprℓsq for all j.
Case 1: i ă j. If rℓjs ď rℓs, then

|γ| ď |λi| ď |λj | ď 4ρ1prℓjsq ď 4ρ1prℓsq ď g1
jprℓsq,

where we used (3.3) for the second step and (3.2) for the third. On the other hand, if
rℓs ă rℓjs, then gjprℓsq “ rℓs, and so |γ| ď rℓs “ gjprℓsq ď g1

jprℓsq.

Case 2: i ě j. If rℓis ď rℓs, then

|γ| ď |λi| “
rℓis

mi
ď

rℓs

mi
ď

rℓs

mj
ă gjprℓsq ď g1

jprℓsq,

where the fourth inequality is due to (3.5), which implies that mj ď mi. On the other hand,
if rℓs ă rℓis, then since γ is a subsegment of λi, it is Li–locally ρ0–intersecting. In particular,
by the choice of LLi,ρ1 , either γ is ρ1–intersecting, implying that |γ| ď ρ1prℓsq ă g1

jprℓsq, or
rℓs ě rℓ1

is ě rℓis. Since the latter contradicts the case assumptions, this completes the proof.

3.4 Geodesic MLTG implies MLTG

In this section, we prove the implication Theorem 1.1(3) ùñ (4) in Theorem 3.12. We
begin with a few preliminary lemmas. The first gives conditions under which a local Morse
quasi-geodesic is contained in a uniform neighborhood of the geodesic between its endpoints.

Lemma 3.11. Let X be a geodesic metric space, let C ě 0, and let M be a Morse gauge.
There exists a constant µ0 such that for every µ, there exists Lµ such that the following
holds. If γ : r0, T s Ñ X is a path that is Lµ–locally an M–Morse C–quasi-geodesic and
contained in the µ–neighborhood of rγ´, γ`s, then γ is contained in the µ0–neighbourhood
of rγ´, γ`s.
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Proof. We adapt the proof of [DSZ25, Lemma 3.1]. Let γ be as in the statement, and let
γpsq be a point at maximal distance D ď µ from rγ´, γ`s. Let ρ “ p8`C{µqC be a constant
and define Lµ “ 2ρµ. Let t1 “ maxp0, s´ρµq and t2 “ minpT, s`ρµq. We can assume that
T ě ρµ, as otherwise γ is an M–Morse C–quasi-geodesic, hence rγ´, γ`s is contained in
the Mp1, 0q–neighbourhood of γ and the statement follows directly from Lemma 2.2. Hence
2ρµ ě t2 ´ t1 ě ρµ.

For i “ 1, 2, let ui P rγ´, γ`s be a closest point to γptiq. Since dpui, γptiqq ď D, we have
that

dpu1, u2q ě dpγpt1q, γpt2qq ´ 2D ě
t2 ´ t1

C
´ C ´ 2D ě 6D ě 3 pdpu1, γpt1qq ` dpu2, γpt2qqq .

Here we used that γrt1, t2s is a C–quasi-geodesic because ρµ ď t2 ´ t1 ď 2ρµ “ Lµ. By
Lemma 2.5, it follows that if αi are geodesics connecting γptiq to ui, then the concatenation
η “ α1 ˚ ru1, u2srγ´,γ`s ˚ α´1

2 is a p3, 0q-quasi-geodesic joining two points on the C–quasi-
geodesic γrt1, t2s, and so η is contained in the Mp3, 0q–neighbourhood of γrt1, t2s. It follows
from Lemma 2.2 that γrt1, t2s, and, in particular, γpsq, is in the µ0–neighbourhood of η for
some µ0 only depending on Mp3, 0q and C.

We are now ready to prove that the geodesic MLTG property implies the MLTG property.

Theorem 3.12. If a geodesic metric space X satisfies the geodesic MLTG property, then it
satisfies the MLTG property.

Proof. Let M be a Morse gauge and C ě 1 a constant. Let µ0 be the constant from
Lemma 3.11 applied to M and C. Let C 1 “ Q1 be the constant from Lemma 2.6 applied
to C “ µ0 and Q “ C. Let µ1 “ µ1 be the constant from Lemma 2.2 applied to C “ C 1

and d “ 0 and µ “ µ0. Finally, let M 1 be the Morse gauge from Lemma 2.7 applied to M
and Q “ maxtµ1, C

1u. Since X satisfies the geodesic MLTG property, there exists a scale
L1 and a Morse gauge M2 such that any geodesic which is L1–locally M 1–Morse is globally
M2–Morse. Further, let L be the scale obtained from Lemma 2.7 applied to M “ M ,
Q “ maxtµ1, C

1u and L1 “ L1. Let µ2 be an upper bound of the Hausdorff distance between
an M2–Morse geodesic and a p1, 2q–quasi-geodesic between its endpoints. Such a constant
µ2 exists by Lemma 2.2. Let Lµ be the constant from Lemma 3.11 applied to C,M and
µ “ µ0 ` µ2 ` 1. Finally, let L0 “ maxtL,Lµ, C

1p3µ0 ` C 1 ` 2q ` 1u.

Claim 3.13. Every L0–locally M–Morse C–quasi-geodesic segment γ is contained in the
µ0–neighbourhood of the geodesic connecting its endpoints.

Proof of Claim. Towards a contradiction, let γ be a minimal length path that is L0–locally
an M–Morse C–quasi-geodesic such that γ Ę Nµ0

prγ´, γ`sq. Let a “ γ´ and b “ γ`.
Let b1 P γ the last point on γ with dpb, b1q “ 1, and let γ1 be the subpath of γ from a to b1.

Then γ1 is L0–locally an M–Morse C–quasi-geodesic, and by the minimality of γ, we have
γ1 Ď Nµ0

pra, b1sq. Hence, by Lemma 2.6, γ1 is a C 1–quasi-geoodesic. Thus, by Lemma 2.2,
ra, b1s is contained in the µ1–neighbourhood of γ1. Consequently, by Lemma 2.7, ra, b1s is L1–
locally M 1–Morse. Since X is geodesic MLTG and by the choice of M 1 and L1, the geodesic
ra, b1s is M2–Morse. In particular, by Lemma 2.2, the Hausdorff distance between the M2–
Morse geodesic ra, b1s and the p1, 2q–quasi-geodesic ra, bs ˚ rb, b1s between its endpoints is at
most µ2. Consequently, γ

1 is contained in the µ0 `µ2 neighbourhood of ra, bs, implying that
γ is contained in the µ–neighbourhood of ra, bs. Thus by Lemma 3.11, γ is contained in the
µ0–neighbourhood of ra, bs. This contradicts our assumption that γ is not contained in the
µ0–neighbourhood between its endpoints. ■
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Let γ be an L0–locally M–Morse C–quasi-geodesic segment. By Claim 3.13, γ is con-
tained in the µ0–neighbourhood of rγ´, γ`s, and, as we argued in the proof of Claim 3.13 for
the geodesic ra, b1s, this implies that rγ´, γ`s is M2–Morse. Since γ is a C 1–quasi-geodesic
whose endpoints lie on a M2–Morse geodesic, it is M3–Morse for a Morse gauge M3 only
depending on M2 and C 1. Since M2 and C 1 depend only on M and C, this concludes the
proof.

Remark 3.14. Instead of the “geodesic MLTG” property, we could define the special path
MLTG property as follows: between each pair of points, fix a uniform quasi-geodesic. Then
replace the geodesics in the geodesic MLTG property with the special paths to get the
definition of special path MLTG. An analogue of the proofs above will show that any geodesic
metric space satisfying the special path MLTG property satisfies the MLTG property.

3.5 σ–compact Morse boundary implies strongly σ–compact

In this section, we show Theorem 1.1(5) ùñ (1).

Theorem 3.15. If the Morse boundary of a finitely generated group is σ-compact, then it
is strongly σ-compact.

The proof of Theorem 3.15 relies on the following lemma.

Lemma 3.16. Let G be a non-hyperbolic finitely generated group with non-empty Morse
boundary, and let X “ CaypG,Sq for some finite generating set S of G. There exists
a constant C such that for any sequence pγnqn of geodesic segments in X, there exists a
C–quasi-geodesic η such that

1. for all n P N, there exists a translate of γn which is a subsegment of η; and

2. if γn is M–Morse for all n P N, then η is M 1–Morse for a Morse gauge M 1 only
depending on M .

We postpone the proof of Lemma 3.16, which is technical, until after the proof of The-
orem 3.15.

Proof of Theorem 3.15. Let G be a finitely generated group with σ-compact Morse bound-
ary. If G is hyperbolic or has empty Morse boundary, then its Morse boundary is strongly σ-
compact and hence the statement trivially holds. Thus, we assume that G is non-hyperbolic
with non-empty Morse boundary.

Let C be the constant from Lemma 3.16. By Lemma 2.10 there exists a sequence pMnqn

of Morse gauges such that any C–quasi-geodesic which is Morse is Mn–Morse for some n by
Lemma 2.10. Suppose toward a contradiction that B˚G is not strongly σ-compact. Then by
Lemma 2.12 there exists a Morse gauge M and a sequence of M–Morse geodesic segments
pγnqn such that for all n, the geodesic γn is not Mn–Morse.

Applying Lemma 3.16 to pγnqn, we obtain a C–quasi-geodesic η containing a translate
of each the γn. Since each γn is M–Morse, η is Morse by Lemma 3.16. In particular, by
σ-compactness, there exists an integer i ě 0 such that η is Mi–Morse. Consequently, γi,
which is a subsegment of a translate of η, must be Mi–Morse. This contradicts the choice
of γi and concludes the proof.
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Figure 3: The different cases represent different subsegments being long.

Intuitively, to prove Lemma 3.16, we would like to build η as a concatenation of trans-
lates of the segments γn. That is, we would like to choose elements hn P G such that
hnγ

`
n “ hn`1γ

´
n`1. However, when concatenating arbitrary quasi-geodesics, the quasi-

geodesic constants of the concatenation cannot be controlled. Moreover, when each γn
is M–Morse, the Morse constant of the concatenation may grow as we concatenate more
segments.

To solve this problem, we choose translates of γn that have larger and larger gaps between
them, that is, so that the distance from gnγ

`
n to gn`1γ

´
n`1 goes to infinity. Then we build

η by concatenating the translates gnγn and the geodesics rgnγ
`
n , gn`1γ

´
n`1s between them.

The key feature here is that the lengths of the extra geodesics we add go to infinity, and this
allows us to gain uniform control on the quasi-geodesic constants of the resulting infinite
path.

In the next two technical lemmas, we analyze the Morse and quasi-geodesic properties
of increasingly complicated concatenation structures. First, in Lemma 3.17, we study the
possible concatenations of a bi-infinite Morse quasi-geodesic with a finite quasi-geodesic.
Then, given a quasi-geodesic β and a translate gγ of a fixed geodesic γ, we analyze the
concatenation β ˚ rβ`, gγ´s ˚ gγ in Lemma 3.18. With these in hand, we are then able to
prove Lemma 3.16.

Lemma 3.17. Let X be a metric space, let ζ : r0, T s Ñ X be a K–quasi-geodesic, and let η
be a bi-infinite M–Morse geodesic with ζp0q “ ηp0q. Then at least one of ηp´8, 0s ˚ ζ and
ηp8, 0s ˚ ζ is a pK ¨ C 1q–quasi-geodesic, where C 1 “ C 1pKq “ 16 ` 3Mp3Kq.

Note that for the lemma to hold it is essential that η is Morse. Indeed, take ζ to be
the log-spiral quasi-geodesic around the origin in Z2, and let η be any bi-infinite geodesic
containing the origin. The longer the subpath of ζ we choose (which are all are uniform
quality quasi-geodesics), the more often both sides of η intersect ζ, contradicting the lemma
for any choice of C 1pKq.

Proof. It suffices to prove that

|t| ` |s|
KC 1

´ KC 1 ď dpηpsq, ζptqq (3.6)

either for all t P r0, T s and s P r0,8q or for all t P r0, T s and s P r0,´8q. To do so, we
divide the proof into cases. In particular, we show that if s P p´8,8q and t P r0, T s satisfy
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the assumptions of Case 1, 2 or 3a, then (3.6) holds. Finally, we show that if Case 3b occurs
for positive s, it cannot occur for negative s and vice versa. It is in this case where we use
that η is M–Morse. Cases 1, 2 and 3a are depicted in Figure 3.

Case 1: |s| “ dpηp0q, ηpsqq ą 2dpζptq, ηp0qq. In this case, using the triangle inequality (in
the first step), the case assumption (in the second step) and the fact that η is a geodesic
and ζ is a K–quasi-geodesic (in the third step), we obtain (3.6):

dpηpsq, ζptqq ě dpηpsq, ηp0qq ´ dpηp0q, ζptqq ě
dpηp0q, ηpsqq

4
`

dpηp0q, ζptqq

2

ě
|s|
4

`
|t|
2K

´
K

2
ě

|s| ` |t|
4K

´ 4K.

Case 2: |s| “ dpηp0q, ηpsqq ă dpζptq, ηp0qq{2. In this case, using the triangle inequality (in
the first step), the case assumption (in the second step) and the fact that η is a geodesic
and ζ is a K–quasi-geodesic (in the third step), we obtain (3.6):

dpζptq, ηpsqq ě dpζptq, ηp0qq ´ dpηp0q, ηpsqq ě
dpζptq, ηp0qq

4
`

dpηp0q, ηpsqq

2

ě
|t|
4K

´
K

4
`

|s|
2

ě
|t| ` |s|
4K

´ 4K.

Case 3: Neither Case 1 nor Case 2 holds. That is,

dpζptq, ηp0qq

2
ď dpηp0q, ηpsqq ď 2dpζptq, ηp0qq.

We divide this case into two subcases.

Case 3a: dpηpsq, ζptqq ě dpηp0q, ζptqq{4 ´ C 1{2. In this case, we can again use the case
assumptions (in the first and second step) and the fact that η and ζ are a geodesic and a
K–quasi-geodesic (in the third step) to obtain (3.6):

dpζptq, ηpsqq ě
dpηp0q, ζptqq

4
´

C 1

2
ě

dpηp0q, ζptqq

8
`

dpηp0q, ηpsqq

16
´

C 1

2

ě
|t|
8K

´
K

8
`

|s|
16

´
C 1

2
ě

|s| ` |t|
C 1K

´ C 1K.

Case 3b: dpηpsq, ζptqq ă dpηp0q, ζptqq{4 ´ C 1{2. Let ζpt1q be the point on ζ closest to
ηpsq. The path p “ ζr0, t1s ˚ rζpt1q, ηpsqs is a 3K–quasi-geodesic by Lemma 2.5. By
the triangle inequality and the fact that dpζpt1q, ηpsqq ď dpζptq, ηpsqq by our choice of t1,
dpζptq, ζpt1qq ď 2dpηpsq, ζptqq. Using the case assumption and the triangle inequality, this
yields dpζpt1q, ηp0qq ě dpζptq, ηp0qq ´dpζptq, ζpt1qq ą 4pdpηpsq, ζptqq `C 1{2q ´2dpηpsq, ζptqq “

2dpηpsq, ζptqq ` 2C 1 ě C 1.
Moreover, since η is M–Morse, dpζpt2q, ηr0, ssq ď Mp3Kq for all 0 ď t2 ď t1. We will

now show that this case cannot happen for both positive and negative s. Assume it does.
Then there exist s1 ď 0 ď s2 and t1

1, t
1
2 P r0, T s such that for i “ 1, 2

ζr0, t1
is Ă NMp3Kq pηr0, sisq and dpζpt1

iq, ηp0qq ě C 1 ą 3Mp3Kq. (3.7)

Let t1 be the smaller of t1
1 and t1

2. By (3.7) there exists s1
1 ď 0 ď s1

2 with dpζpt1
iq, ηps1

iqq ď

Mp3Kq for i “ 1, 2. This is depicted in Figure 5. Since ηps1
1q and ηps1

2q are on a geodesic
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Figure 4: The point ζpt1q is the point on ζ closest to ηpsq in Case 3b. Since p is a 3K–quasi-
geodesic, p, and specifically ζpt2q, is in the Mp3Kq–neighborhood of ηr0, ss.

Figure 5: In this picture, t1
1 ą t1

2 and hence t1 “ t1
2. If t

1
2 ą t1

1 we instead have t1 “ t1
1.
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Figure 6: If any quadrangles satisfies the properties written in black, then the properties
written in red follow.

containing ηp0q, we obtain dpηps1
1q, ηp0qq ď dpηps1

1q, ηps1
2qq ď 2Mp3Kq. Thus, by the triangle

inequality, dpζpt1q, ηp0qq ď 3Mp3Kq, contradicting (3.7).
Hence, Case 3b cannot happen for both s ă 0 and s ą 0. In all other cases, (3.6) is

satisfied, concluding the proof of the claim.

The next lemma deals with a more complicated concatenation.

Lemma 3.18. Let G be a non-hyperbolic finitely generated group with non-empty Morse
boundary, and let X “ CaypG,Sq for some finite generating set S of G. There exist con-
stants C1, C2 ě 1 and a Morse gauge M such that the following holds for all constants L,
all C1–quasi-geodesics β, and all geodesics γ in X. There exists an element g P G such that

(i) the path β ˚ rβ`, g ¨ γ´s ˚ g ¨ γ is a C2–quasi-geodesic;

(ii) the path rβ`, g ¨ γ´s ˚ g ¨ γ is a C1–quasi-geodesic; and

(iii) the geodesic rβ`, g ¨ γ´s is M–Morse and has length at least L.

Proof. Let β and γ be as in the statement. By potentially increasing C1, C2 and M slightly
at the end, it suffices to prove the lemma in the case where the endpoints of β : r0, T1s Ñ X
and γ : r0, T2s Ñ X are vertices.

Since G has non-empty Morse boundary, there is a biinfinite geodesic η : p´8,8q Ñ X
which is M1–Morse for some Morse gauge M1. We may assume that ηp0q is a vertex.

Let M2 be a Morse gauge such that in a geodesic quadrangle where three of the four
sides are M1–Morse or have length at most M1p3q, the fourth is M2–Morse; such a constant
exists by noting that a finite geodesic is Morse for some Morse gauge depending only on its
length and then applying Lemma 2.3. Let α be a geodesic segment that is not M2–Morse
whose endpoints are vertices. Since G is not hyperbolic, such a geodesic α exists. Further,
let M be a Morse gauge and δ an integer such that a geodesic quadrangle where two of the
four sides are M1–Morse and the third side is (a translate of) α is δ–slim and its fourth side
is M–Morse. The Morse gauge M exists again by Lemma 2.3, and δ exists by Lemma 2.4.
Note that M and δ only depend on α and M1 and not on β or γ. This dependency is
depicted in Figure 6.

Let C 1
1 “ 16 ` 3M1p1q, C1 “ C 1

1 ` 2M1p3q ` 4, C 1
2 “ 16 ` 3M1p3C1q and C2 “ C 1

2 `

2M1p3q `4. Let η1, η2 be translates of η such that η1p0q “ β` and η2p0q “ γ´. Lemma 3.17
implies that, up reparameterizing η1 and/or η2, the concatenation β ˚η1r0,8q is a C 1

2–quasi-
geodesic and the concatenation η2p8, 0s ˚ γ is a C 1

1–quasi-geodesic.
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Figure 7: Setup of Lemma 3.18.

Finally, let L1 ě |α| ` 101δ ` L ` K, where K “ 2pdiampβq ` |β| ` diampγq ` |γ|q and
|β| denotes the domain length of β. Let g P G be such that α1 “ rη1pL1q, g ¨ η2pL1qs is a
translate of α. Such a g exists because G acts transitively on the vertices of X “ CaypG,Sq.
Let η1

1 “ η1 and η1
2 “ g ¨ η2. This is depicted in Figure 7.

Observe that rβ`, g ¨ γ´s is M–Morse by construction of M and g: it is one side of a
geodesic quadrangle whose other three sides are η1

1r0, L1s, η1
2rL1, 0s, which are M1–Morse,

and α1, a translate of α.

Claim 3.19. For i “ 1, 2, there exists a point xi P rβ`, g ¨ γ´s and ti P rL ` δ ` K,L `

100δ ` Ks such that dpxi, η
1
iptiqq ď δ. Moreover, one can choose x1, x2 such that every

point on rβ`, x1s and rx2, g ¨ γ´s is in the M1p3q–neighbourhood of η1
1r0,8q and η1

2r0,8q,
respectively.

The claim above implies dpβ`, x1q ě L and dpx2, gγ
´q ě L. In particular, it shows that

the geodesic rβ`, g ¨ γ´s has length at least L. This shows (iii) holds.

Proof of Claim. We show this for i “ 1, as the proof for i “ 2 is analogous. By construction
and the definition of δ, there exist points y1, y2 on rβ`, g ¨γ´s, η1

2 or α
1 in the δ–neighborhood

of η1
1pL ` δ ` Kq and η1

1pL ` 100δ ` Kq, respectively. Since L1 ´ L ´ 100δ ´ K ą |α1| ` δ,
the point yi cannot lie on α1 for i “ 1, 2. If one of y1, y2 lies on rβ`, g ¨ γ´s, then we can
define x1 as the closest point on rβ`, g ¨ γ´s to η1

1pL ` δ ` Kq, if y1 lies on rβ`, g ¨ γ´s, or
as the closest point to η1

1pL ` 100δ ` Kq, if y2 lies on rβ`, g ¨ γ´s. In this case x1 clearly
satisfies the first part of the statement. The moreover part follows from the fact that, by
Lemma 2.5, rη1

1pL ` δ ` K,x1s ˚ rx1, β
`s is a p3, 0q–quasi-geodesic with endpoints on the

M1–Morse geodesic η1
1.

Next, toward a contradiction, we assume that both y1 and y2 lie on η1
2. Let y

1
1, y

1
2 points

on η1
2 closest to η1

1pL` δ `Kq and to η1
2pL` 100δ `Kq, respectively. Applying Lemma 2.5,

we see that rη1
1pL ` δ ` Kq, y1

1s ˚ ry1
1, y

1
2sη1

2
˚ ry1

2, η
1
1pL ` 100δ ` Kqs is a p3, 0q–quasi-geodesic

with endpoints on η1
1. In particular, y1

1 is in the M1p3q–neighborhood of η1
1. This is a

contradiction to α, and hence α1, not being M2–Morse, as it places α1 in a quadrangle where
all other sides are either subsegments of η1

1 or η1
2, and hence M1–Morse, or have length at

most M1p3q. ■
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Claim 3.20. The concatenations β ˚ rβ`, x1s and rx2, g ¨ γ´s ˚ gγ are a C2–quasi-geodesic
and a C1–quasi-geodesic, respectively.

Proof of Claim. We prove this for β ˚rβ`, x1s; the proof for rx2, g ¨γ´s˚gγ is analogous. By
Claim 3.19, any point z on rβ`, x1s has distance at most M1p3q to η1

1r0,8q and hence, by
the triangle inequality, distance at most 2M1p3q to η1

1pdpβ`, zqq. Since β ˚ η1
1r0,8q is a C 1

2–
quasi-geodesic, the above implies that β˚rβ`, x1s is a C2 ě C 1

2`2M1p3q–quasi-geodesic. ■

Claim 3.21. The concatenations β˚rβ`, g ¨γ´s and rβ`, g ¨γ´s˚gγ are a C2–quasi-geodesic
and a C1–quasi-geodesic, respectively.

Proof of Claim. We prove this for ξ “ β ˚ rβ`, g ¨ γ´s; the proof for rβ`, g ¨ γ´s ˚ g ¨ γ is
analogous. By Claim 3.20, it is enough to prove that the lower quasi-geodesic inequality
holds for points p “ ξpsq on β and p1 “ ξps1q on rβ`, g ¨ γ´s with ℓ “ dpβ`, p1q ě L ` K.
By the triangle inequality we have that dpp, p1q ě ℓ ´ diampβq ě ℓ{2. We also know that
|s1 ´ s| ď ℓ ` |β| ď 2ℓ, hence dpp, p1q ě |s1 ´ s|{4 ě |s1 ´ s|{C2 ´ C2. ■

Claim 3.22. The concatenation ξ “ β ˚ rβ`, g ¨ γ´s ˚ gγ is a C2–quasi-geodesic.

Proof of Claim. By Claim 3.21, it is enough to prove that the lower quasi-geodesic inequality
holds for points p “ ξpsq on β and p1 “ ξps1q on g ¨ γ with ℓ “ dpβ`, g ¨ γ´q ě L ` K “

L ` 2diampβq ` 2|β| ` 2diampγq ` 2|γ|. By the triangle inequality we have that dpp, p1q ě

ℓ ´ diampβq ´ diampγq ě ℓ{2. We also know that |s1 ´ s| ď ℓ ` |β| ` |γ| ď 2ℓ, hence
dpp, p1q ě |s1 ´ s|{4 ě |s1 ´ s|{C2 ´ C2. ■

We are now ready to prove Lemma 3.16.

Proof of Lemma 3.16. Let pγnqn be a sequence of geodesic segments in X, as in the state-
ment. Let C1, C2,M0 be the constants and Morse gauge from Lemma 3.18. We prove
Lemma 3.16 for C “ 4C2. Let g0 “ 1, and define η0 “ β0 “ γ0. For i ě 0, inductively
apply Lemma 3.18 to β “ βi, γ “ γi`1 and L “ Li “ 2pi ´ 1qp|ηi´2| ` 1q to get an element
gi`1 P G such that βi`1 “ rβ`

i , gi`1 ¨ γ´
i`1s ˚ gi`1 ¨ γi`1 is a C1–quasi-geodesic, βi ˚ βi`1 is

a C2–quasi-geodesic, and rβ`
i , gi`1 ¨ γ´

i`1s is M0–Morse and has length at least Li. Lastly,
define ηi`1 “ ηi ˚ βi`1 and

η “

8
ź

i“0

gi ¨ γi ˚ rgi ¨ γ`
i , gi`1 ¨ γ´

i`1s “

8
ź

i“0

βi.

Claim 3.23. The path η is a 4C2–quasi-geodesic.

Proof of Claim. Let ηpsq, ηptq be points on η. Since η is a concatenation of geodesics, it
suffices to prove that

dpηpsq, ηptqq ě
|t ´ s|
4C2

´ 4C2. (3.8)

By definition, βi ˚ βi`1 is a C2–quasi-geodesic for all i ě 0. It thus suffices to show (3.8)
holds in the case where ηptq lies on βi and ηpsq lies on ηi´2 for some i ě 2. Let s0 be such
that ηps0q “ β`

i´2 “ β´
i´1.
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Figure 8: The path η is a 4C2–quasi-geodesic.

Since ηpsq lies on ηi´2, we have that |s´s0| ď |ηi´2| ď Li´2{2 ď Li´1{2. This is depicted
in Figure 8. In particular, dpηpsq, ηps0qq ď |s ´ s0| ď Li´1{2. On the other hand, since ηptq
lies on βi, |s0 ´ t| ě |βi´1| ě Li´1, implying |s0 ´ t| ě |s ´ t|{2 and |s ´ s0| ď |s ´ t|{2.
Using this and the fact that βi´1 ˚ βi is a C2–quasi-geodesic, we obtain

dpηpsq, ηptqq ě dpηps0q, ηptqq ´ dpηpsq, ηps0qq ě
|t ´ s0|
C2

´ C2 ´ |s ´ t|{2

ě
|t ´ s|
2C2

´ C2 ´
|t ´ s|

2
ě

|t ´ s|
4C2

´ 4C2,

which concludes the proof of the claim. ■

Assume that all γn are M–Morse for some Morse gauge M . Then βi ˚ βi`1 is the
concatenation of 4 geodesics that are all maxtM,M0u–Morse. Since βi ˚βi`1 is a C2–quasi-
geodesic, it is M 1–Morse for some Morse gauge M 1 depending only on M , M0, and C2

[Zbi24a, Lemma 2.8 v)].

Claim 3.24. There exists a Morse gauge N only depending on M 1 such that the following
holds for all constants K ě 1. Let λ : r0, T s Ñ X be a K–quasi-geodesic with λ´ “ ηpt1q on
βj and λ` at distance at most M 1p3Kq from ηpt2q P βi for some j ď i. Then λ is contained
in the NpKq–neighbourhood of ηrt1, t2s.

Proof of Claim. Fix a constant K. We will prove this by induction on i. That is, assume
that Claim 3.24 holds for i ă n. We will show that it holds for i “ n. Let λ be as in the
statement with i “ n. Let i0 “ i0pKq be a large enough index.

We can choose NpKq large enough (compared to K and i0pKq) such that the statement
for i ď i0pKq follows from λ being a K–quasi-geodesic whose endpoints are in the M 1p3Kq

neighbourhood of ηi0pKq. The latter is the concatenation of at most 2i0pKq geodesics which
are M 1–Morse and hence M2–Morse for some M2 only depending on M 1 and i0pKq. Thus,
we may assume that i ą i0pKq.

If j ě i ´ 1, then define λ1 “ λ ˚ rλpT q, ηpt2qs. This is a K 1 “ p3K ` 2M 1p3Kqq–quasi-
geodesic with endpoints on the M 1–quasi-geodesic βi´1 ˚ βi. Hence the statement follows
for NpKq ě M 1pK 1q.

From now on, assume j ă i ´ 1. Let λpsq be a point on λ closest to β´
i´1 “ ηptq and let

λpT 1q be a point on λ closest to ηpt2q. This is depicted in Figure 9. Define

λ1 “ λr0, ss ˚ rλpsq, β´
i´1s and λ2 “ rβ´

i´1, λpsqs ˚ λrs, T 1s ˚ rλpT 1q, ηpt2qs.

Because we used closest point projections, Lemma 2.5 ensures that λ1 is a p3Kq–quasi-
geodesic and λ2 is a K 1–quasi-geodesic. Since λ2 has endpoints on βi´1 ˚ βi, it is contained
in the M 1pK 1q neighbourhood of ηrt, t2s. Moreover, λrT 1, T s is a K–quasi-geodesic with
endpoints in the M 1p3Kq–neighbourhood of ηpt2q. Hence, for NpKq large enough compared
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Figure 9: Proof of Claim 3.24. The paths λ1 and λ2 are p3Kq– and K 1–quasi-geodeiscs
respectively.

to M 1p3K 1q, we have that λ2 and λrT 1, T s are contained in the NpKq–neighbourhood of
ηrt, t2s.

It remains to show that λr0, ss is contained in the NpKq–neighbourhood of ηrt1, t2s. In
fact, it suffices to show that dpβi´1, λpsqq ď M 1p3Kq, as then λr0, ss is contained in the
NpKq neighbourhood of ηrt1, t2s by induction.

By Lemma 2.5, if

|T 1 ´ s| ě 3K
`

dpβ´
i´1, λpsqq ` dpλpT 1q, ηpt2qq

˘

, (3.9)

then λ2 is not only a K 1–quasi-geodesic but actually a 3K–quasi-geodesic. To show (3.9)
holds, choose i0pKq large enough such that Li´1, and hence |T 1 ´ s|, is much larger than
dpλpT 1q, ηpt2qq and dpβi´1, λpsqq. The former is bounded by M 1p3Kq and the latter is
bounded by the maximal diameter of a p3Kq–quasi-geodesic with endpoints on ηi´2, whereas
Li´1 “ 2pi ´ 1qp|ηi´2| ` 1q.

Thus, λ2 is indeed a p3Kq–quasi-geodesic, implying that dpλpsq, βi´1 ˚ βiq ď M 1p3Kq.
Again using that i0pKq is large enough and i ě i0pKq, we obtain that dpλpsq, β´

i´1q is much
smaller than Li´1, implying that dpλpsq, βiq ą M 1p3Kq. Hence dpλpsq, βi´1q ď M 1p3Kq,
concluding the induction. ■

Claim 3.24 yields Item 2, and hence concludes the proof.

4 A MLTG group that is not acylindrically hyperbolic

The goal of this section is to construct a finitely generated MLTG group with an infinite
order Morse element that is not acylindrically hyperbolic, proving Theorem 1.5. Such a
group is necessarily not a C 1p1{Nq small cancellation group for any N , since such groups
are acylindrically hyperbolic. However, the group we construct satisfies a property related
to graded small cancellation, which itself is a generalization of a small cancellation group.
Our group is what we call an expanding graded small cancellation group; see Definition 4.5.

In Section 4.1, we review the definition of a graded small cancellation group. In Sec-
tion 4.2, we define an expanding graded small cancellation group and explore their basic
properties, in particular proving a version of a Greendlinger lemma for such groups in
Lemma 4.12. In Section 4.3, we investigate the relationship between the intersection func-
tion as defined in Definition 3.2 and a generalization of the usual intersection function in
small cancellation groups, the relator intersection function defined in Definition 4.25, which,
roughly speaking, measures the length of subwords of the label of a geodesic that are con-
tained in a relator of length at most n.
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Finally, in Section 4.4, we construct the desired non-acylindrically hyperbolic MLTG
group. The construction is inspired by the authors’ construction of a finitely generated
MLTG group that contains a Morse element that is not loxodromic in any isometric action
of the group on a hyperbolic space [AZ25].

4.1 The Cpε, µ, ρq–condition and contiguity diagrams

In this section, we review some basic definitions related to graded small cancellation and
recall the definition of a contiguity diagram. For a more detailed discussion of this material,
we refer the reader to [OOS09].

Every group that appears in this section has a generating set attached to it. We identify
the group with the Cayley graph associated to that generating set. In particular, we say
that a word w over this generating set is a geodesic in the group if it some (equivalently
any) path labeled by w in the Cayley graph with respect to this generating set is a geodesic.

We first recall the notion of an ε–piece, which, roughly speaking, is a subpath of a relator
that ε–fellow travels a subpath of another relator. Let H be a group generated by a set S.

Definition 4.1. Let R be a symmetrized set of reduced words in S˘1. For ε ą 0, a subword
U of a word R P R is called an ε–piece if there exists a word R1 P R such that:

1. R ” UV and R1 ” U 1V 1 for some V,U 1, V 1;

2. U 1 “ Y UZ in H for some words Y, Z such that maxt|Y |, |Z|u ď ε; and

3. Y RY ´1 ‰ R1 in the group H.

Note that if U is an ε–piece, then U 1 is an ε–piece, as well.

Definition 4.2. Let ε ě 0, µ P p0, 1q, and ρ ą 0. A symmetrized set R of words over the
alphabet S˘1 satisfies the Cpε, µ, ρq–condition over the group H if

(C1) all words from R are geodesic in H;

(C2) |R| ě ρ for any R P R; and

(C3) the length of any ε–piece contained in any word R P R is smaller than µ|R|.

Suppose H is a group defined by H “ xS | Oy. Given a symmetrized set of words R, we
consider the quotient group

H1 “ xH | Ry “ xS | O Y Ry. (4.10)

A cell in a van Kampen diagram over (4.10) is called an R–cell (respectively, an O–cell)
if its boundary label is a word in R (respectively, O).

Let ∆ be a van Kampen diagram over (4.10), let q be a subpath of its boundary B∆,
and let Π be an R–cell of ∆. Suppose that there exists a simple closed path p “ s1q1s2q2
in ∆, where q1 and q2 are subpaths of BΠ and q, respectively, and maxt|s1|, |s2|u ď ε for
some constant ε. Let Γ denote the subdiagram of ∆ bounded by p. If Γ contains no R–cells,
then Γ is an ε–contiguity subdiagram of Π to q. We note that this is a special case of the
definition of an ε–contiguity diagram in [OOS09], where q2 is allowed to be a subpath of the
boundary of another R–cell of ∆. This situation will not occur in this paper, so we focus
on the special case that q2 Ď B∆. The subpaths q1, q2 are called contiguity arcs of Γ, and
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to distinguish them, we call q1 Ă BΠ the interior contiguity arc and q2 Ă B∆ the boundary
contiguity arc. The ratio |q1|{|BΠ| is called the contiguity degree of Π to B∆ and is denoted
by pΠ,Γ, q2q.

The following lemmas from [OOS09] give control over the contiguity degree of an R–cell
Π when H is a hyperbolic group1.

Lemma 4.3 ([OOS09, Lemma 4.4]). Suppose that the group H is hyperbolic. Let R be a
set of words that are geodesic in H, let ∆ be a diagram over (4.10), and let q be a subpath of
B∆ whose label is geodesic in H1. Then for any ε ě 0, no R–cell in ∆ has an ε–contiguity
subdiagram Γ to q such that pΠ,Γ, qq ą 1{2 ` 2ε{|BΠ|.

Lemma 4.4 ([OOS09, Lemma 4.6]). Suppose H “ xS | Oy is a δ–hyperbolic group, 0 ă

µ ď 0.01, and ρ is large enough (it suffices to choose ρ ą 106ε{µ). Let H be given by a
presentation

H1 “ xH | Ry “ xS | O Y Ry

as in (4.10), where R is a finite symmetrized set of words in S˘1 satisfying the Cpε, µ, ρq–
condition. Then the following statements hold.

1. Let ∆ be a minimal disk diagram over (4.10). Suppose that B∆ “ q1 ¨ ¨ ¨ qt, where the
labels of q1, . . . , qt are geodesic in H and t ď 12. Then, provided that ∆ has an R–cell,
there exists an R–cell Π in ∆ and disjoint ε–contiguity subdiagrams Γ1, . . . ,Γt (some
of them may be absent) of Π to q1, . . . , qt respectively such that

pΠ,Γ1, q
1q ` ¨ ¨ ¨ ` pΠ,Γt, q

tq ą 1 ´ 23µ.

2. H1 is a δ1–hyperbolic group with δ1 ď 4maxt|R| | R P Ru.

4.2 Expanding graded small cancellation

In this section, we define an expanding graded small cancellation group and investigate the
basic properties of such groups. The notion of expanding graded small cancellation depends
on a choice of a sublinear function that is unbounded and non-decreasing.

Definition 4.5 (Expanding graded small cancellation). A presentation

xS | Ry “ xS |

8
ď

i“1

Riy

of a group G satisfies the pf, µ, pεnqnq–expanding graded small cancellation condition if the
following conditions hold for an unbounded and non-decreasing sublinear function f , a
constant µ ď 0.001, and a non-decreasing sequence pεnqn of positive real numbers with
ε1 “ 0.

(T1) For every n ě 1, the set Rn satisfies the Cpεn, µ, 10
6εn{µ` 1q condition over Gn´1 :“

xS |
Ťn´1

i“0 Riy, where R0 :“ H.

(T2) For every n ě 1, rn`1 P Rn`1 and rn P Rn, we have fp|rn`1|q ą εn`1 ě 4|rn|.
1We note that in [OOS09], the set O in the definition of the group H consists of all relators of H, not

just the defining ones. The Lemmas 4.3 and 4.4 still hold when O is the set of defining relators.
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(T3) Every relator r P R has a cyclic subsegment rf with |rf | ď |r| ´ fp|r|q such that
|rf X r1| ď |r1|{100 for all r1 P

Ť8

i“1 Ri.

(T4) There is the following compatibility between f and µ: fpxq ď µx{1000 for all x.

Definition 4.6 (rank). Let xS |
Ť8

i“1 Riy “ xS | Ry be a presentation satisfying the
pf, µ, pεnqnq–expanding graded small cancellation condition. The rank of a relator r P R is
the index i for which r P Ri.

We will be interested in reduced words whose longest common subword with a relator
of rank at most i is small compared to the length of that relator.

Definition 4.7. Let xS |
Ť8

i“1 Riy be a presentation satisfying the pf, µ, pεnqnq–expanding
graded small cancellation condition, and let w be a word over S. If w is reduced and the
length of the longest common subword of w and r is at most |r|{100 for all r P

Ťi
j“1 Rj for

some i, then we say that w is i–good. A path is i–good if its label is an i–good word.

We now list some direct consequences of the definition of an expanding graded small-
cancellation presentation.

Lemma 4.8. If xS |
Ť8

i“1 Riy “ xS | Ry is a presentation satisfying the pf, µ, pεnqnq–
expanding graded small cancellation condition, then the following hold.

(P1) For every n ě 0, the group Gn is εn`1–hyperbolic.

(P2) If r, r1 P R are relators such that the rank of r is less than the rank of r1, then |r| ă µ|r1|.

(P3) If embedded relators r ‰ r1 P R have the same rank, then their intersection has length
less than µ|r|.

(P4) For every n ě 1, each relator r P Rn has a cyclic subsegment rf of length at least
|r| ´ fp|r|q which is pn ´ 1q–good.

(P5) For every n ě 1 and r P Rn, we have that |r| ą 1000εn{µ ě 1000εn.

Proof. Property (P1) holds by induction. Namely, G0 is a free group and hence 0–hyperbolic.
If Gn´1 is εn–hyperbolic, then Gn is εn`1 ě 4maxt|rn| | rn P Rnu hyperbolic by Lemma 4.4.

Property (P3) holds because Gn satisfies the Cpεn, µ, 10
6εn{µ ` 1q condition over Gn´1

for all n ě 1.
Property (P4) follows directly from (T3) and the definition of i–good.
For property (P5), the case n “ 1 follows as ε1 “ 0; see Definition 4.5. For n ě 2,

property (P5) follows by combining the left inequality of (T2) and (T4).
For property (P2), let n be the rank of r1. By (P5) we have that |r1| ě 1000εn{µ. Since

the rank of r is less than n, we have that |r| ă εn. The statement follows by combining the
two inequalities.

The next proposition further investigates the properties of i–good paths.

Proposition 4.9. Let G “ xS |
Ť8

i“1 Riy satisfy the pf, µ, pεnqnq–expanding graded small-
cancellation condition. The following hold for all i ě 0.

(1) An i–good path γ is the unique geodesic in Gi between its endpoints.
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Figure 10: The contiguity diagram Γγ .

(2) Let γ ˚ α1 ˚ β ˚ α2 be a loop in Gi such that γ is i–good and α1, α2 and β are geodesics
in Gi´1, where G´1 is defined to be G0. Then either |γ| ď 5p|α1| ` |α2|q or there exists
a subgeodesic γ1 Ă γ X β of length |γ1| ě |γ| ´ 5 p|α1| ` |α2|q.

Proof. We will prove both statements simultaneously by induction on i. For i “ 0, the
statements follow because G0 is a free group. Fix i ě 1, and assume that (1) and (2) hold
for i ´ 1.

We first prove (2) for i. By possibly passing to a subsegment of β, we may assume that
β´ and β` are points on β closest to γ` and γ´ respectively.

Let ∆ be a minimal diagram over Gi with B∆ “ γ ˚α1 ˚β ˚α2. If ∆ does not contain an
Ri–cell, then γ ˚ α1 ˚ β ˚ α2 is a loop in Gi´1 and hence satisfies all the assumptions of (2)
for i´1. The statement follows from the induction hypothesis that (2) holds for i´1. From
now on, we assume that ∆ contains an Ri–cell and aim to show that |γ| ď 5p|α1| ` |α2|q
which would conclude the proof of (2) for i.

Since γ is a geodesic in Gi´1 by (1) for i ´ 1, Lemma 4.4 yields an Ri–cell Π of ∆
and disjoint εi–contiguity diagrams Γγ ,Γα1 ,Γα2 and Γβ of Π, the sum of whose contiguity
degrees is at least 1´23µ. As in Lemma 4.4, not all such diagrams have to exist; we consider
the contiguity degree of those that do not exist to be 0.

Claim 4.10. The contiguity degree of Γγ is at most 1{10.

Proof of Claim. Let γ1 Ă γ and β1 Ă BΠ be the boundary and interior contiguity arcs of Γγ ,
respectively. Let α1

1 and α1
2 be geodesics in Gi´1 between the respective endpoints of γ1 and

β1, as depicted in Figure 10, so that |α1
j | ď εi for j “ 1, 2. Applying (2) to γ1 ˚ α1

1 ˚ β1 ˚ α1
2

for i ´ 1 yields two possibilities. If |γ1| ď 5p|α1
1| ` |α1

2|q ď 10εi, then the triangle inequality
and (P5) imply that pΠ,Γγ , γq|BΠ| “ |β1| ď 12εi ă 12|BΠ|{1000. Otherwise, there exists a
subgeodesic γ2 of γ1 X β1 with

|γ2| ě |γ1| ´ 10εi ě |β1| ´ 12εi “ pΠ,Γγ , γq|BΠ| ´ 12εi. (4.11)

Here we used the triangle inequality for the second step and the definition of the contiguity
degree for the third step. Since γ is i-good and γ2 is a subsegment of both γ and β1 Ă BΠ,

|BΠ|
100

ě |γ2|. (4.12)

Inequalities (4.11) and (4.12), combined with the fact that εi ď |BΠ|{1000 by (P5), imply
|BΠ|{100 ě pΠ,Γγ , γq|BΠ|´12εi ě pΠ,Γγ , γq|BΠ|´12|BΠ|{1000. Hence, for either possibility,
we have pΠ,Γγ , γq ď 1{10. ■
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Figure 11: A short path p “ p1 ˚ p2 ˚ p3 from x to β.

By Lemma 4.3, the contiguity degree of any contiguity diagram is at most 1{2`2εi{|BΠ|,
and by Lemma 4.4, the sum of all contiguity degrees is at least 1 ´ 23µ. Together with
Claim 4.10, this implies

pΠ,Γα1
, α1q ` pΠ,Γα2

, α2q ě
1

2
´

1

10
´ 23µ ´ 2

εi
|BΠ|

ě
1

4
` 6

εi
|BΠ|

. (4.13)

Here we used that µ ď 1{230 by Definition 4.5 and εi ď |BΠ|{1000 by (P5).

Claim 4.11. The contiguity diagrams Γα1
and Γα2

both exist.

Proof of Claim. Without loss of generality it suffices to prove that Γα1
exists. Assume by

contradiction that it does not. Then,

pΠ,Γα2
, α2q ` pΠ,Γβ , βq ě 1 ´

1

10
´ 23µ ą

3

4
` 2

εi
|BΠ|

. (4.14)

In particular, both Γβ and Γα2 have to exist by Lemma 4.3. Let x be the point on
α2 X BΓα2 farthest away from β. Let α1

2 be the boundary contiguity arc of Γα2 . By the
triangle inequality, (4.13) and the non-existence of Γα1

, we have

dpx, β`q ě |α1
2| ě pΠ,Γα2 , α2q|BΠ| ´ 2εi ě

|BΠ|
4

.

Since the εi–contiguity diagrams Γβ and Γα2
exist, there exists a path p “ p1 ˚ p2 ˚ p3 from

x to β where |pj | ď εi for j “ 1, 3 and p2 is a subsegment of BΠ whose interior is disjoint
from BΓβ and BΓα2 . This is depicted in Figure 11. In particular by (4.14),

|p| ă 2εi `

ˆ

1

4
´ 2

εi
|BΠ|

˙

|BΠ| “
|BΠ|
4

.

This contradicts our assumption that β` is a closest point on β to γ´ and hence is a closest
point to x on β. ■

By Claim 4.11, Γα1
and Γα2

both exist. In particular, as depicted in Figure 12, there
exists a path p “ α1

1 ˚ p1 ˚ q ˚ p2 ˚ α1
2 from γ` to γ´ such that α1

1 and α1
2 are subsegments

of α1 and α2, p1 and p2 have length at most εi and q is a subsegment of BΠ. Consequently

|γ| ď |p| ď |α1| ` εi ` |BΠ| ` εi ` |α2| ď 5p|α1| ` |α2|q. (4.15)

Here we used (4.13) which implies that 4p|α1| ` |α2|q ě |BΠ| ` 8εi. Inequality (4.15)
concludes the proof of (2) for i.

31



Figure 12: A short path p “ α1
1 ˚ p1 ˚ q ˚ p2 ˚ α1

2 from γ` to γ´.

Finally, we prove (1) for i. Let γ be i-good, and let β be a geodesic in Gi from γ` to
γ´. Applying (2) for i to the loop γ ˚ β yields that γ is a subsegment of β. Since β is a
geodesic, this implies γ “ β and concludes the proof.

We next turn our attention to contiguity diagrams in a group with an expanding graded
small cancellation presentation. The following can be thought of a version of Greendlinger’s
lemma.

Lemma 4.12 (Upgraded contiguity diagrams). Let G “ xS | Ry “ xS |
Ť8

i“1 Riy be a group
satisfying the pf, µ, pεnqnq–expanding graded small cancellation condition.

Let ∆ be a minimal disk diagram over Gn. Suppose that B∆ “ q1 ¨ ¨ ¨ qt, where the labels
of q1, . . . , qt are geodesics in Gn´1 and t ď 12. Then either ∆ does not contain any cells,
in which case B∆ freely reduces to the trivial word, or there exists an Rm–cell Π of ∆ for
some m ď n such that the following hold.

1. Every cell Π1 of ∆ is an Ri–cell for some i ď m.

2. There exist disjoint subsegments p1, . . . , p2t of BΠ such that |p1|` . . .` |p2t| ě |BΠ|p1´

24µq and such that pℓ is a subsegment of qrℓ{2s for all 1 ď ℓ ď 2t.

Proof. Let ∆ be as in the statement. If ∆ does not contain any cells, then the statement
holds, so assume that ∆ contains at least one cell. Let m be the maximal index for which
∆ contains an Rm–cell. Note that ∆ is a diagram in Gn, and hence m ď n. This shows
that the first conclusion holds. Moreover, since q1, . . . , qt are geodesics in Gn´1, they are
geodesic in Gm´1.

Since G “ xS |
Ť8

i“1 Riy satisfies the pf, µ, pεnqnq–expanding graded small cancellation
condition, the group Gm satisfies the Cpεm, µ, 1006εm{µ ` 1q condition over Gm´1, and
thus we can apply Lemma 4.4 to obtain an Rm–cell Π1 and disjoint εm–contiguity diagrams
Γ1, . . . ,Γt (some of which may be absent) with

pΠ1,Γ1, q
1q ` ¨ ¨ ¨ ` pΠ1,Γt, q

tq ą 1 ´ 23µ.

Let 1 ď k ď t be an index such that the contiguity diagram Γk exists, and let α Ă BΠ1

and β Ă qk be its interior and boundary contiguity arcs, respectively. By (P4), α can be
written as α1 ˚α1 ˚α2, where α1 and α2 are pm´1q–good and |α1| ď fp|BΠ1|q; some of these
paths may be empty. Since Γk is an εm–contiguity diagram, its boundary BΓk can be viewed
as a quadrangle in the εm–hyperbolic group Gm´1. In particular, there are points x1, x2 on
BΓkzα which satisfy dpα`

1 , x1q ď 2εm and dpα´
2 , x2q ď 2εm. For ℓ “ 1, 2, if |αℓ| ą 3εm, then
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Figure 13: The εj–continguity diagram Γk.

by the triangle inequality, these points have to lie on β. Thus, in any case, we can write
β “ β1˚β1 ˚β2, where for ℓ “ 1, 2, the endpoints of βℓ and αℓ have distance at most 4εm. See
Figure 13. Proposition 4.9(2) applied with i “ m´1 implies that αℓ and βℓ have a common
subsegment γk

ℓ of length at least |αℓ|´ 25εm for ℓ “ 1, 2; if |αℓ| ă 25εm, then we take γk
ℓ to

be empty. Hence |γk
1 | ` |γk

2 | ě |α| ´ |α1| ´ 50εm ě |BΠ1|pΠ1,Γk, q
kq ´ 50εm ´ fp|BΠ1|q.

Since this holds for all k for which the εm–contiguity diagram Γk exists, and the conti-
guity diagrams are disjoint, we have that

t
ÿ

k“1

`

|γk
1 | ` |γk

2 |
˘

ě |BΠ1|
`

pΠ1,Γ1, q
1q ` ¨ ¨ ¨ ` pΠ1,Γt, q

tq
˘

´ 12 ¨ 50 ¨ εm ´ 12fp|BΠ1|q

ě |BΠ1|p1 ´ 23µq ´ 12 ¨ 50 ¨ εm ´ 12fp|BΠ1|q.

By (P5), 12 ¨ 50 ¨ εm ď 3|BΠ1|µ{4, by (T4), 12fp|BΠ1|q ď |BΠ1|µ{4 and therefore, item 2
holds for Π “ Π1, concluding the proof.

We call a cell Π satisfying conditions 1 and 2 of Lemma 4.12 a Greendlinger cell of ∆.

Remark 4.13. Suppose q1, . . . , qt are geodesics in G such that the path p “ q1 ¨ ¨ ¨ qt is a
loop in G. Note that the paths qk are geodesics in Gi for all i. Choose i such that the path
p is a loop in Gi, and let ∆ be a minimal diagram over Gi with B∆ “ p. By Lemma 4.12,
if t ď 12, then ∆ contains a Greendlinger cell.

The next lemma compares the length of the boundary of a minimal disk diagram over
Gi to the length of any cell of the diagram.

Lemma 4.14. Let C ě 1 be a constant, and let G “ xS | Ry “ xS |
Ť8

i“1 Riy be an
pf, µ, pεnqnq–expanding graded small cancellation group satisfying |r| ď C|r1| for all r, r1 P R
of the same rank. Let ∆ be a minimal disk diagram over Gi (or G). Suppose that B∆ “

q1 ¨ ¨ ¨ qt, where the labels of q1, . . . , qt are geodesics in Gi´1 (or G) and t ď 12. Then for all
cells Π of ∆,

C ¨ K ¨ |B∆| ě |BΠ|,

where K “ 1{p1 ´ 24µq.

Proof. If ∆ has no cells, the statement vacuously holds, so assume that ∆ has at least one
cell. By Lemma 4.12, there is a Greendlinger cell Π1 of ∆, which implies that

|B∆| ě p1 ´ 24µq|BΠ1| “ 1{K|BΠ1|. (4.16)
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Figure 14: The embedded relator γ subdivided into γ1 and γ2 is isometrically embedded.

Let Π be any cell of ∆. Since Greendlinger cells have maximal rank, the rank of Π is at
most the rank of Π1. If Π has the same rank as Π1, then by assumption |Π| ď C|Π1|. If the
rank of Π is less than the rank of Π1, then |Π| ď |Π1| by (P2). In either case, the statement
follows from (4.16).

We next show that images of relators are isometrically embedded in G.

Lemma 4.15. Let G “ xS | Ry “ xS |
Ť8

i“1 Riy be a pf, µ, pεnqnq–expanding graded small
cancellation group. The images of all relators r P R are isometrically embedded in G.

Proof. Fix r P Ri for some i. By definition, r labels a geodesic in Gi´1. Toward a contra-
diction, assume that r is not isometrically embedded in G, and let j ě i be the smallest
index such that the embedded relator γ labelled by r is not isometrically embedded in Gj .
Let a, b be two points on γ, and let γ1 and γ2 be the two paths with |γ1| ď |γ2| from a to
b that arise by following along γ and such that the geodesic β in Gj from b to a satisfies
|β| ă |γ1|. This is depicted in Figure 14.

Let ∆1 be a minimal diagram over Gj with B∆1 “ γ1 ˚ β; by the choice of a and b, the
diagram ∆1 cannot be empty. Moreover, the sides γ1 and β of ∆1 are geodesics in Gj´1,
and hence ∆1 has a Greendlinger cell Π by Lemma 4.12. By the minimality of j, the rank
of the Greeendlinger cell Π has to be equal to j. Since Π is a Greendlinger cell of ∆1, there
exist disjoint subsegments p1, p2, p3, p4 of BΠ such that |p1|` |p2|` |p3|` |p4| ě |BΠ|p1´24µq

and p1, p2 are subsegments of γ1 while p3, p4 are subsegments of β. Since β is a geodesic,
we must have |p3| ` |p4| ď |BΠ|{2, and hence

|p1| ` |p2| ě |BΠ|
ˆ

1

2
´ 24µ

˙

. (4.17)

If j ą i, then by (P2), |γ1| ď µ|Π|. In particular |p1| ` |p2| ď µ|Π|, contradicting (4.17).
On the other hand, if j “ i and Π ‰ γ, then by (P3), |p1| and |p2| can be at most µ|Π|,
again contradicting (4.17). Thus assume from now on that i “ j and Π “ γ. Let ∆2 be the
subdiagram of ∆1 obtained by removing Π “ γ from ∆1, so that B∆2 “ γ2 ˚ β. Note that
by (C1), γ2 is a geodesic in Gi´1. If ∆2 were empty, then |β| “ |γ2| ą |γ1|, contradicting
|γ1| ď |γ2|. In particular, Lemma 4.12 implies that ∆2 has a Greendlinger cell Π1. Since
γ2 is a geodesic in Gi´1, such a cell Π1 cannot have rank less than i and thus has to have
rank i. Again by Lemma 4.12, there exist disjoint subsegments p1

1, p
1
2, p

1
3, p

1
4 of BΠ1 such

that |p1
1| ` |p1

2| ` |p1
3| ` |p1

4| ě |BΠ1|p1 ´ 24µq and p1
1, p

1
2 are subsegments of γ2 while p1

3, p
1
4

are subsegments of β. As before, |p1
1| ` |p1

2| ě |BΠ1| p1{2 ´ 24µq. If Π1 ‰ γ, we have a
contradiction with (P3), while if Π1 “ γ, we contradict the minimality of ∆1.

We end this section with two technical lemmas that will be useful for proving that groups
satisfy the expanding graded small-cancellation condition, which we do in Section 4.4.
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Lemma 4.16. Let n ě 1 and let Gn´1 “ xS |
Ťn´1

i“1 Riy be an pf, µ, pεnqnq–expanding
graded small cancellation group. Let Q be a symmetrized set of reduced words over S˘.
Suppose Q satisfies the following conditions.

(C̃1) all words from Q are geodesics in Gn´1,

(C̃2) |q| ě 106εn{µ ` 1 for all words q P Q,

(C̃3) Q satisfies the C 1pµ{3q–condition, and

(C̃4) each relator q P Q has a subsegment qg Ă q of length at least |qg| ě |q| ´ fp|q|q which
is pn ´ 1q–good.

Then Q satisfies the Cpεn, µ, 10
6εn{µ ` 1q–condition over Gn´1.

Proof. We need to show that conditions (C1)–(C3) hold. Conditions (C1) and (C2) are the
same as conditions (C̃1) and (C̃2), so it remains to show (C3) holds.

Let q P Q, and let u Ă q be an εn–piece. That is, there exists q1 “ u1v1 P Q and words
words y, z, which we can assume to be geodesic in Gn´1, of length at most εn such that
yuzpu1q´1 represents the identity in Gn´1 and such that q1 and yqy´1 represent different
elements in Gn´1. Let ℓ “ α1 ˚ γ ˚ α2 ˚ pγ1q´1 be a loop in Gn´1 such that α1, γ, α2 and
γ1 are labeled by y, u, z and u1, respectively. The paths γ and γ1 are geodesics by (C̃1) and
the paths α1, α2 are geodesics by the choice of y and z.

By (C̃4), γ has disjoint pn ´ 1q–good subpaths β1, β2 such that |γ| ´ |β1| ´ |β2| ď

fp|q|q. The group Gn´1 is εn–hyperbolic by (P1). Hence, any point on γ is in the 2εn–
neighbourhood of some point in α2 ˚ pγ1q´1 ˚ α1. Since α1, α2 have length at most εn, any
point on γ, and in particular the endpoints of β1 and β2 have distance at most 3εn from γ1.
For i “ 1, 2, Proposition 4.9 yields that either |βi| ď 30εn or that there is a subpath β1

i of
βi X γ1 of length at least |βi| ´ 30εn.

Assume we are in the latter case. We will obtain an upper bound on |βi| by arguing
that the word b1

i labeling β1
i is a piece in Q. By construction, we can write q “ x1b

1
ix2,

q1 “ x1
1b

1
ix

1
2 such that the word yx1px1

1q´1 represents the identity in Gn´1. Moreover, if
x´1
1 qx1 and x1´1

1 q1x1
1 do not reduce to the same word, then b1

i is a piece, as desired. So
assume they do. Then since y and x1

1x
´1
1 represent the same element in H, the words yqy´1

and x1
1x

´1
1 qx1px1

1q´1 represent the same element in H. However, x1
1x

´1
1 qx1px1

1q´1 reduces to
the same word as q1. Hence yqy´1 and q1 represent the same word in H, which contradicts
the definition of y. Thus, b1

i is indeed a piece. Using (C̃3q we obtain |b1
i| ă µ|q|{3, and so

|βi| ď 30εn ` µ|q|{3.
Hence, in either case, |u| ă 2µ|q|{3`60εn `fp|q|q ď µ|q|. For the last step we used (T4)

and (P5). This concludes the proof of (C3).

Lemma 4.17. Let M ą 0 be a constant. Let ∆ be a minimal diagram over Gn with
B∆ “ q1 ¨ ¨ ¨ qk, with k ď 6, such that the sides qi are geodesics in Gn and the following hold:

• when 1 ď i ď k ´ 1, the sides alternate between n–good sides whose length is at least
10M and short sides, that is, sides qi with |qi| ď M ; and

• the label of q1 ¨ ¨ ¨ qk´1 is a reduced word.

Then any point on an n–good side that is at least 50M from its endpoints lies on qk.

Proof. We first prove the following useful claim:
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Claim 4.18. Any diagram whose boundary consists of 3 geodesics, at least two of which
are n–good, must be empty.

Proof of Claim. Let ∆1 be a diagram as in the assumptions of the claim. If ∆1 is not empty,
then it contains a Greendlinger cell Π1. Each subsegment of the intersection of an n–good
side with BΠ1 has length at most 1

100 |BΠ
1|. If there exists a side that is not n–good, it is

unique, and its intersection with BΠ1 has length at most 1
2 |BΠ

1|. Thus the total intersection
of BΠ1 with B∆1 has length at most p4 ¨ 1

100 ` 1
2 q|BΠ1| ă p1 ´ 24µq|BΠ1|. This contradicts

Theorem 4.12. ■

For the following claim, we consider a minimal diagram ∆1 over Gn and a subdiagram
∆, which is also a minimal diagram over Gn. We say that a geodesic q Ď B∆ is short if
|q| ď M ; long if it is n–good and satisfies |q| ą 10M ; and very short if q is a subsegment
of BΠ1 for some cell Π1 of ∆1 ´ ∆ with |BΠ1| ď 8M . The lemma follows directly from the
following claim applied to ∆ as a subdiagram of itself, in which there are no very short sides.

Claim 4.19. Let k ě 1 be an integer, and let ∆ Ă ∆1 be two minimal diagrams over Gn.
Suppose B∆ “ q1 ¨ ¨ ¨ qk such that qi are (potentially trivial) geodesics, each geodesic qi for
1 ď i ď k ´ 1 is either long, short, or very short, and there is a subsegment qR of q1 ¨ ¨ ¨ qk
containing all long sides whose label is reduced. Further suppose the following hold.

(D1) If for 1 ď i, j ď k ´ 1 the geodesics qi, qj are not short, then |i ´ j| ą 1.

(D2) If for 1 ď i ă j ď k ´ 1 the geodesics qi and qj are short, then i “ j ` 2 and qi`1 is
long.

(D3) At most two sides are short.

Then each point x that lies on a long side and has distance at least 50M from its endpoints
also lies on qk.

Proof of Claim. The three conditions imply that k ď 6. Assume ∆ “ H. Since the label of
qR is reduced, qR has to be a subset of B∆ ´ qR. Since qR contains all the long sides, the
claim follows. From now on we assume that ∆ ‰ H.

Assume by induction that Claim 4.19 holds for all diagrams with fewer cells than ∆.
Let Π be a Greendlinger cell of ∆, and let r be its rank. By Lemma 4.12, there exist

disjoint subsegments p1, . . . , p2k of BΠ with

|p1| ` ¨ ¨ ¨ ` |p2k| ě |BΠ|p1 ´ 24µq (4.18)

such that p2i and p2i´1 are either empty or a subsegment of qi for 1 ď i ď k.
For 1 ď i ď k we have |p2i| ` |p2i´1| ď |BΠ|{2, because qi is a geodesic. Moreover, if qi

is long, it is n–good by definition, and hence |p2i| ` |p2i´1| ď |BΠ|{50.
We divide the proof into two cases, depending on the very short sides.

Case 1: There exist 1 ď i ă k such that qi is very short and |p2i|`|p2i´1| ě |BΠ|{20. Let
Πi be the cell of ∆

1 ´∆ such that qi Ď BΠi and |BΠi| ď 8M . By (P2) and (P3), this can only
happen if the rank r of Π is less than the rank of Πi. In particular, q1 ¨ ¨ ¨ qk can be viewed as
a 6–gon in a εr`1–hyperbolic space with εr`1 ď fp|BΠi|q ď |BΠi|{100 ď M{4; here the first
inequality holds by (T2), the second by (T4), and the last as qi is very short. In particular,
any long side qj is contained in the M–neighborhood of the other sides. Moreover, since we
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Figure 15: One possible configuration of subdiagrams ∆1 and ∆2. Here, q2 is a short side
and ∆2 is a non-simple diagram.

assume in this case that there is a very short side, there are at most two long sides and they
are adjacent to a common short side.

Let x0 be one of the endpoints of qj , and for 1 ď ℓ ď 4 let xℓ be a point on qj at distance
10Mℓ from x0. Consider qh, where h ‰ j, k. If qh is short or very short, then, by the
triangle inequality, there exists at most one ℓ such that dpxℓ, qhq ď M . On the other hand,
if qh is the other long side and if xℓ and xℓ1 for ℓ ‰ ℓ1 are both at distance at most M from
qh, then qh and qj intersect by Lemma 4.9. In particular, there exists a subdiagram ∆2 of
∆ whose boundary is labelled by a concatenation of two n–good geodesics, one of which is
non-trivial, and a short side. By Claim 4.18, such a diagram has to be empty. However, the
label of its boundary is a subword of the label of q1 ¨ ¨ ¨ qk´1 and is reduced, which implies
that |B∆2| “ 0, a contradiction.

We have shown that each side qh for h ‰ j, k has distance more than M to all but at
most one x0, . . . , x4. Consequently, dpqk, xℓq ď M for some 0 ď ℓ ď 4. In paticular, xℓ

is in the 40M–neighbourhood of one of the endpoints of qj and in the M–neighbourhood
of qk. Repeating the same argument choosing x0 to be the other endpoints of qj , we find
a second point that is in the 40M–neighbourhood of the other endpoint of qj and in the
M–neighbourhood qk. Lemma 4.9 concludes the proof in this case.

Case 2: For all 1 ď i ă k for which qi is very short, we have |p2i| ` |p2i´1| ă |BΠ|{20.
Since there are at most 2 short sides, there are at most 3 long sides and at most 3 very short
sides. In order to satisfy (4.18), we must have that the subsegments that lie on BΠ X qk or
on BΠ and short sides have combined length at least |BΠ|p1´ 24µ´ 3{50´ 3{20q ě 3|BΠ|{4.
Since qk is geodesic, at least |BΠ|{4 of this length has to lie on short sides, which implies
that |BΠ| ď 8M .

If there are two short sides, at most one can intersect BΠ. To see this, note that if there
were two short sides, say qi and qj for i ă j, it must be the case that j “ i ` 2 and qi`1

is long by (D2). If the two short sides both intersect BΠ, then the endpoints of qi`1 lie at
distance at most |qi| ` |qj | ` |BΠ| ď 10M from each other, which contradicts that qi`1 is
long.

Since a short side can only contribute |BΠ|{2 to (4.18), BΠ has to intersect qk. Let i0 be
the index of a short side intersecting BΠ. Let γ1, γ2 be the two subsegments of BΠ from qi0
to qk that intersect qk and qi0 only in their endpoints. Both γ1 and γ2 have length less than
|BΠ|{2 and are thus geodesics by Lemma 4.15.

Consider the two (not necessarily simple) subdiagrams ∆1 and ∆2 of ∆ (and hence
of ∆1) with B∆1 “ q1 ¨ ¨ ¨ qi0´1 ˚ rq´

i0
, γ´

1 sqi0 ˚ γ1 ˚ rγ`
1 , q`

k s and B∆2 “ γ´1
2 ˚ rγ´

2 , q`
i0

sqi0 ˚

qi0`1 ¨ ¨ ¨ qk´1 ˚ rq´
k , γ

`
2 sqk . This is depicted in Figure 15.
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Those two diagrams both satisfy the assumptions of Claim 4.19; note that γ1 and γ2 are
very short sides and the other sides inherit their label from their label in ∆. Moreover, both
diagrams ∆1 and ∆2 have fewer cells than ∆. Thus we can apply the induction assumption
that Claim 4.19 holds for ∆1 and ∆2, which concludes the proof. ■

4.3 Intersection functions in expanding graded small-cancellation
groups

In this section, we prove Proposition 4.26, which states that in expanding graded small
cancellation groups in which the relators of the same rank have approximately the same
length, the relator intersection function (see Definition 4.25) and the intersection function
from Defintion 3.2 are linked. We later use Proposition 4.26 to show that the group we
construct in Section 4.4 has σ–compact Morse boundary.

We first show that projective geodesics in expanding graded small cancellation groups
have long subpaths labeled by a subword of a relator.

Proposition 4.20. Let C ě 1 be a constant and let G “ xS | Ry “ xS |
Ť8

i“1 Riy be an
pf, µ, pεnqnq–expanding graded small cancellation group satisfying |r| ď C|r1| for all r, r1 P R
of the same rank. Any ℓ–projective geodesic γ has a subsegment γ1 such that

(i) γ1 is labelled by a subword of a relator r P R with |r| ď 2Cℓ, and

(ii) |γ1| ě |γ|{4 ´ 100fp2Cℓq.

Proof. Let γ be an ℓ–projective geodesic, so that there exist x1, x2 P X such that γ` “ p1
and γ´ “ p2 are closest points on γ to x1 and x2, respectively, and such that dpx1, x2q ď

dpx1, p1q. Let β1 “ rp1, x1s, η “ rx1, x2s, and β2 “ rx2, p2s. Any point z P η satisfies
dpz, x2q ď dpz, γq, as otherwise dpx1, x2q “ dpx1, zq `dpz, x2q ą dpx1, zq `dpz, γq ě dpx1, γq,
which is a contradiction. Moreover, for i “ 1, 2, any point z P βi satisfies dpz, γq “ dpz, piq.

Let D be a minimal diagram over G with BD “ γ ˚ β1 ˚ η ˚ β2. Note that |BD| “ ℓ. In
particular, by Lemma 4.14,

|BΠ| ď 2C|BD| ď 2Cℓ (4.19)

for all cells Π of D.
We perform a case distinction to construct a subdiagram D1 of D whose Greendlinger

cells we understand.
Case 1: There exists at least one cell of D whose boundary intersects BD in

both β1 and β2. Let Π1 be the cell with this property that intersects β1 closest to p1, as
in Figure 16. For i “ 1, 2, let x1

i be the point closest to pi on BΠ1 X βi.
Let β1

1 and β1
2 be the subsegments of β1 and β2 from p1 to x1

1 and from x1
2 to p2,

respectively. Furthermore, let D1 be the subdiagram of DzΠ1 that contains γ, so that

BD1 “ rx1
1, x

1
2sBΠ1

˚ β1
2 ˚ γ ˚ β1

1.

Note that, there are two choices for rx1
1, x

1
2sBΠ1 “: α1; we choose the one for which Π1 is

not in D1.
Case 2: No cell of D has boundary that intersects both β1 and β2. In this case,

let Πi be a cell whose boundary intersects BD in both η and βi for i “ 1, 2, if such cells
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Figure 16: The different possibilities for the diagram D1 in Case 1.

Figure 17: The different possibilities for the diagram D1 in Case 2.

exist. If there are multiple such cells, we choose the one which intersects βi closest to pi.
If Πi exists, let x

1
i, x

2
i be the points on βi X BΠ and, respectively, η X BΠi furthest from xi.

Further, let α1 “ rx1
1, x

2
1sBΠ1

and α2 “ rx2
2, x

1
2sBΠ2

. There are two choices for αi; we choose
the one which is in the same component of D ´ Πi as γ. On the other hand, if Πi does
not exist, let x1

i “ x2
i “ xi, and let αi be the trivial path. This is depicted in Figure 17.

Further, define β1
1 and β1

2 as the subsegments of β1 and β2 from p1 to x1
1 and from x1

2 to p2,
respectively, and η1 as the subsegment of η from x2

1 to x2
2.

Finally, let D1 be the subdiagram of D with

BD1 “ β1
2 ˚ γ ˚ β1

1 ˚ α1 ˚ η1 ˚ α2.

Hence, both in Case 1 and Case 2, BD1 “ β ˚ α, where β “ β1
2 ˚ γ ˚ β1

1, α “ α1 ˚ η1 ˚ α2,
η1 Ă η and for i “ 1, 2, αi is either trivial or is contained in the boundary of a cell Πi of
D; in Case 1, η1 and α2 are both trivial. Let r be the maximum of the ranks of Π1 and Π2,
where we use the convention that the rank of Πi is 0 if αi is trivial.

By construction, no cell in D1 has boundary that intersects more than one of η1, β1
1 and

β1
2 non-trivially. Moreover, the paths αi might not necessarily be geodesics, as they could

have length more than half of |BΠi|, but they are the concatenation of at most two geodesics
by Lemma 4.15.

Claim 4.21. If Π1 is any cell of D1, then |BΠ1 X β| ď 3|BΠ1|{4.

Proof of Claim. Since BΠ1 cannot intersect both β1
1 and β1

2 non-trivially, it suffices to prove
that BΠ1 X pγ ˚ β1

1q and BΠ1 X pβ1
2 ˚ γq have length at most 3|BΠ1|{4. We will only prove the

former, as the proof of the latter is analogous.
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Figure 18: Definition of the path p in Claim 4.22. The dotted lines are there to suggest that
BΠ1 X γ and BΠ1 X γ do not necessarily need to be contiguous.

If BΠ1 does not intersect β1
1, the statement follows from γ being a geodesic, which implies

|BΠ1 X γ| ď |BΠ1|{2. If BΠ1 does intersect β1
1, let z P β1

1 be the point on BΠ1 furthest away
from p1, let Lβ “ |β1

1 X BΠ1| and let Lγ “ |γ X BΠ1|. There is a path from z to γ that follows
along BΠ1 that only trivially intersects β1

1 and γ. We denote the length of this path by LH.
Since β1

1 is a subsegment of β1, dpz, γq ě dpz, p1q ě Lβ . In particular, LH ě dpz, γq ě Lβ .
As γ is a geodesic, we have Lγ ď |BΠ1|{2. If Lβ ď |BΠ1|{4, the statement follows. If, instead,
Lβ ě |BΠ1|{4, then so is LH. Since Lγ ` LH ` Lβ ď |BΠ1|, the statement again follows. ■

Claim 4.21 implies that any Greendlinger cell Π1 of D1 has to satisfy

|α X BΠ1| ě p1{4 ´ 24µq|BΠ1|. (4.20)

Claim 4.22. Either D1 contains no cell or the rank of its Greendlinger cells is less than r.

Recall that r is the maximum of the ranks of Π1 and Π2, where if Πi does not exist, we
say its rank is 0, and Π1,Π2 are the cells of D containing α1 and α2, unless α1 or α2 is
trivial, in which case Π1, respectively Π2, does not exist).

Proof of Claim. Assume toward a contradiction that D1 contains at least one cell and that
the rank k of a Greendlinger cell Π1 of D1 is at least r. Observe that for i “ 1, 2

|αi X BΠ1| ď µ|BΠ1|. (4.21)

To see this, note that if αi is trivial, this is immediate. If αi is not trivial, then Πi exists
and by assumption its rank is either equal to k or smaller than k. If the rank of Πi is equal
to k, then (4.21) follows from (P3). If the rank of Πi is smaller than k, then (4.21) follows
from (P2).

Since Π1 is a Greendlinger cell, (4.20) combined with (4.21) implies that |η1 X BΠ1| ě

|BΠ1|p1{4 ´ 26µq ą 0. In particular, the intersection of η1 and BΠ1 is non-trivial, implying
that the intersection of BΠ1 with β1

1 and β1
2 has to be trivial. Consequently, |BΠ1 X γ| ě

pp1 ´ 24µq ´ 2µ ´ 1{2q |BΠ1| ą 0, and so BΠ1 must intersect γ.
Let z1, z2 P η1 Ă η and z3 P γ be the points contained in BΠ1 closest to x2

1, x
2
2 and p1

respectively. This is depicted in Figure 18. There is a path p from z1 to z3 following along
BΠ1 whose intersection with η1 and γ is trivial. In particular, |p| ď 26µ|BΠ1| and hence

dpz1, γq ď dpz1, z3q ď |p| ď 26µ|BΠ1|.

On the other hand,

dpz1, x2q ě dpz1, z2q ě |BΠ1 X η1| ě p1 ´ 24µq|BΠ1| ´ |BΠ1 X β| ´ |BΠ1 X α1| ´ |BΠ1 X α2|
ě p1 ´ 24µ ´ 1{2 ´ µ ´ µq|BΠ1| ě p1{2 ´ 26µq|BΠ1|.
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Since µ ă 1{1000 by (P4), this is a contradiction to dpz1, x2q ď dpz1, γq, which has to hold
since z1 lies on η1 and hence lies on η. ■

By Claim 4.22, the diagram D1 can be viewed as a diagram over Gr´1 and BD1 can be
viewed as a geodesic octagon in the εr hyperbolic space Gr´1. Here we have octagon instead
of hexagon because a priori the αi might only be the concatenation of two geodesics instead
of actual geodesics.

Consequently, we can partition γ into five possibly empty subsegments γ1, . . . , γ5 such
that γ5 is contained in the 6εr–neighbourhood of η1 and for j “ 1, 2 γj and γj`2 are contained
in the 6εr–neighbourhoods of β

1
j and αj , respectively.

Claim 4.23. For j “ 1, 2 and 5, γj has length at most 24εr.

Proof of Claim. For j “ 1, 2: Let z be a point on β1
j with dpz, γjq ď 6εr. Since β1

j is a
subsegment of βj , we have that dpz, pjq ď dpz, γq ď 6εr. Hence γj has to be contained in
the 12εr–neighbourhood of pj and so has length at most 12εr.

For j “ 5: Let z be a point on η1 with dpz, γ5q ď 6εr. Since η1 is a subsegment of η,
6εr ě dpz, γq ě dpz, x2q, any point on γ5 has distance at most 12εr from x2, implying that
the length of γ5 is at most 24εr. ■

Claim 4.24. For j “ 3, 4, γj has two disjoint subsegments γ11
j and γ13

j , each of which is

either trivial or a subsegment of the boundary of a cell in D and such that |γj |´|γ11
j |´|γ13

j | ď

132εr ´ fp2Cℓq.

Proof of Claim. Let j “ 3 or j “ 4. If BΠj´2 does not exist, then αj´2 is trivial and the
statement follows immediately. If the rank of BΠj´2 is less than r, then |αj´2| ď |BΠj´2|εr
by (T2), and the statement follows immediately. Assume that the rank of Πj´2 is r ą 0.
By (P4), we can write αj´2 as α1

j´2 ˚ α2
j´2 ˚ α3

j´2, where α1
j´2 and α3

j´2 are pr ´ 1q–good

and α2
j´2 has length at most fp|BΠj´2|q. Moreover, we can write γj as γ1

j ˚ γ2
j ˚ γ3

j where
for o “ 1, 2, 3, the endpoints of γo

j lie in the 6εr–neighbourhood of αo
j´2. For o “ 1, 3,

we can apply Proposition 4.9 to obtain |γo
j | ď 60εr or to get a subsegment γ1o

j of γo
j of

length at least |γo
j | ´ 60εr which is a subsegment of BΠj´2. For o “ 2, we have that

|γ1o
j | ď 12εr ` fp|BΠj´2|q ď fp2Cℓq by (4.19), concluding the statement. ■

Claims 4.23 and 4.24 imply that γ has four subsegments ζ1, . . . , ζ4 which are subsegments
of the boundary of a cell of D (or trivial) and such that |γ|´

ř4
i“1|ζi| ď 3 ¨ 24εr ` 2p132εr `

fp2Cℓqq. Let γ1 be the longest of ζ1, . . . , ζ4, and let Π be a cell of D such that γ1 Ă BΠ.
With this definition of γ1, (i) follows from (4.19). By maximality of the length of γ1 amongst
ζ1, . . . , ζ4, we have

|γ1| ě p|γ| ´ 3 ¨ 24εr ´ 2p132εr ` fp2Cℓqqq {4. (4.22)

To show (ii) holds, it suffices to show that εr ď fp2Cℓq. If r “ 0, then εr “ 0 by (T4)
and the statement follows. If r ą 0, it is equal to the rank of Πj for j “ 1 or j “ 2. We
have by (T2) and (4.19) that εr ď fp|BΠj |q ď fp2Cℓq, concluding the proof.

The above proposition shows that in expanding graded small-cancellation groups, under-
standing the intersection function of a geodesic, and hence whether the geodesic is Morse,
is related to understanding its intersection with relators. We thus introduce the relator
intersection function that measures the intersection of geodesics and relators.
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Definition 4.25. Let G “ xS | Ry be a group and γ a geodesic in CaypG,Sq. The relator
intersection function ρrel,γ : N Ñ N of γ, is defined as follows: ρrel,γpnq is the maximal length
of any word over S˘ that is both the label of a subpath of γ and a subword of a relator
r P R with |r| ď n. The geodesic γ is ρ–relator intersecting for a function ρ if ρrel,γ ď ρ.

The following proposition formalizes the relationship between the intersection function
and the relator intersection function of a geodesic in an expanding graded small cancellation
group.

Proposition 4.26. Let C ě 1 be a constant, and let G “ xS | Ry “ xS |
Ť8

i“1 Riy

be an pf, µ, pεnqnq–expanding graded small cancellation group satisfying |r| ď C|r1| for all
r, r1 P R of the same rank. For every non-decreasing sublinear function ρ, there exists a
non-decreasing sublinear function ρ1 such that the following hold for all geodesics γ in G.

1. If γ is ρ–intersecting, then γ is ρ–relator intersecting.

2. If γ is ρ–relator intersecting, then γ is ρ1–intersecting.

Proof. We first show that item 1 holds. Let γ be a geodesic which is ρ–intersecting, and
let Γ be an embedded relator labelled by some r P R. Let γ1 Ă γ X Γ be a subgeodesic of
γ. Define x “ y as the point on Γ furthest away from γ1. Since relators are isometrically
embedded in G by Lemma 4.15, we have that γ1` and γ1´ are closest points on γ1 to x and
y. Consequently, γ1 is |r|–projective. Since γ is ρ–intersecting, we have |γ1| ď ρp|r|q, and so
γ is ρ–relator intersecting.

We now show that item 2 holds for the function ρ1pxq “ 4ρp2Cxq ` 400fp2Cxq. Let
γ1 Ă γ be an ℓ–projective geodesic. By Proposition 4.20, there exists a subsegment γ2 Ă γ1

with |γ2| ě |γ1|{4 ´ 100fp2Cℓq and such that γ2 is labelled by a subword of a relator r P R
with |r| ď 2Cℓ. Since γ is ρ–relator intersecting, we have |γ2| ď ρp2Cℓq. Consequently,
|γ1| ď 4ρp2Cℓq ` 400fp2Cℓq “ ρ1pℓq.

If an pf, µ, pεnqnq–expanding graded small cancellation group satisfies |r| ď C|r1| for
all r, r1 P R of the same rank, then we say the group is balanced. Using this terminology,
Proposition 4.26 and Lemma 3.4 prove Proposition 1.6 from the introduction.

4.4 Construction of a MLTG group that is not acylindrically hy-
perbolic

In this section, we construct a MLTG group with an infinite-order Morse element that is
not acylindrically hyperbolic, proving Theorem 1.5. This construction is inspired by the
construction of the authors in [AZ25] of a finitely generated MLTG group with an infinite-
order Morse element that is not loxodromic in any isometric action of the group on a
hyperbolic space. We begin by recalling a key result from that paper, which shows that if a
cycle C is embedded in a hyperbolic space, then there is a subpath of C with definite length
whose endpoints are much closer than its length.

Lemma 4.27 ([AZ25, Lemma 3.4]). Let g be a sublinear function that is superlogarithmic.
For all integers U ě 1 there exists an integer L ě U such that for all δ ě 0 there exists
K “ Kpδ, U, Lq such that the following holds. If C is an embedded cycle in a δ-hyperbolic
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space and |C| ě K, then there exists a subsegment λ of C with endpoints λ´ and λ` such
that

|C|
L

ď |λ| ď
|C|
U

(4.23)

and

dpλ´, λ`q ď gp|C|q. (4.24)

Let gpxq “ log2pxq, let µ ď 0.001 and let U ě 1000{µ be a constant. Let L ě U be as in
Lemma 4.27 applied to g and U .

Definition 4.28. Let w be a cyclically reduced word. We say that a cyclic subword u of w
is a proper fraction of w if

|w|
L

ď |u| ď
|w|
U

.

Let N ě 2L, and let S “ ts1, . . . s4Nu be a set of formal variables. For 1 ď i ď 3 define
r1i “ sNi`1 ¨ ¨ ¨ sNi`N . Let H “ xS | Ry with R “

Ť8

i“1 Ri be the group constructed in
[Zbi24b, Section 4] with starting words r11, r

1
2 and r13. We use this group as a basegroup as

it has the following properties; any other group satisfying these would also work.

(H1) H is a C 1p4{Nq–small cancellation group.2

(H2) The set Ri consists of 3 relators of equal length and whose length increases as i
increases. This holds because each relator rik P Ri is a concatenation of N2 many
subwords y of relators from Ri´1, where each y Ă ri1k1 P Ri´1 has length |y| “ |ri´1

k1 |{N ,
and the starting relators r11, r

1
2, r

1
3 have the same length.

(H3) Let r P Ri be a relator, w Ă r a cyclic subword and j ă i. If |w| ą 2|r1|{N for some
(equivalently, any) r1 P Rj , then there exists r2 P Rj and a common subword v of r2

and w with |v| ě |r2|{N . This is due to [Zbi24b, Lemma 4.4]; in the terminology of
that paper, the word v has the form yk

pi,ℓq
.

Fix a non-decreasing sublinear function f 1pxq :“

b

µ
?
x

1000¨101 , and let fpxq :“ 101pf 1pxqq2 “

µ
?
x

1000 . Let T “ tt1, t2u be a set of two formal variables that are distinct from those in S. For
M ě 1, let TM “ tη1, η2, . . . , η2M u be the set of (ordered) words over T of length M . Fix
an ordering α on the countable set pS˘ Y T˘q˚ ˆ N.

Define k0 “ 0, ε1 “ 0, Q0 “ H, and M0 “ 0. Assume that we have defined kj , εj`1, Qj ,

and Mj for all 0 ď j ă i, and let Gj “ xS Y T |
Ťj

m“0 Qmy. For i ě 1, we will inductively
define ki, εi`1, Qi and Mi.

Let αpiq “ pχ, tq. Define an integer ki ą ki´1 such that the following hold for all r P Rki .

(G1) |r|{L ´ 1 ě Mi :“ log p6N |r|2q ą Mi´1;

(G2) the word χ satisfies |χ| ` 1 ď f 1p|r|{Lq;

(G3) fp|r|q ą εi; and

2It says C1p1{p4Nqq in [Zbi24b] but this is a typo; it should be C1p4{Nq.
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(G4) |r| ě 106εi{µ ` 1.

Let U be the set of proper fractions of any of the three relators r P Rki
. For each proper

fraction u P U , let du be a geodesic word in Gi´1 representing the same element as χf 1
p|r|{Lq

in Gi´1. Define

bLu “

˜

N
ź

m“1

uηmu`m

¸

, bRu “

˜

N
ź

m“1

uηmu`m`N

¸

, bu “ bLub
R
u , cu “ bRu xduyb

L
u , (4.25)

where ηmu`1, . . . , ηmu`2N are the lowest indexed words in TMi
that have not yet been used

and x “ xpuq, y “ ypuq P T˘ are letters so that ybux and xduy are reduced. Finally, let au
be a geodesic word in Gi´1 representing the same element as cu in Gi´1.

Define Qi to be the set of all cyclic conjugates and their inverses of words in Rki Y

p
Ť

uPU auq. Finally, let εi`1 “ 4 ¨ maxt|r| | r P Qiu.

Proposition 4.29. The group G “ xS Y T |
Ť8

i“1 Qiy is a well-defined pf, µ, pεnqnq–
expanding graded small cancellation group.

Proof. We have ε1 “ 0 and µ ď 0.001. Moreover, f is a non-decreasing sublinear function
which satisfies (T4) by definition. Thus the group G0 “ xS YT | Hy satisfies the expanding
graded small-cancellation condition.

We will use induction on n to prove the claims below. Claim 4.35 holding for all n implies
that G “ xS Y T |

Ť8

i“1 Qiy satisfies the pf, µ, pεnqnq–expanding graded small-cancellation
condition.

Let n ě 1, and assume that the claims below hold for all j ă n. We will prove that they
hold for n.

Claim 4.30. Let e “ ˘1, let j ď n, let u1, u2 be proper fractions of relators r1 P Rkn
and

r2 P Rkj and let w be a common subword of beu1
and bu2 . If u1 “ u2 and e “ 1, we require

that w is a subword of bu1 in two different ways. We have |w| ď 2|ri|{U for i “ 1, 2.

Proof of Claim. Since all the words ηh used in the definitions of bu1
and bu2

are distinct
and words over T (as opposed to words over T˘), we know that w has to be a subword of
pηhu1ηh`1qe and ηh1u2ηh1`1 for some h, h1. The statement follows. ■

Claim 4.31. Let r P Rkn , and let u be a proper fraction of r. The words ybux and r are
pn ´ 1q–good.

Proof of Claim. By the choice of x, y, the word ybux is reduced. The word r is reduced
since it is in Rkn

. Let j ă n, let s P Qj , let w be a common subword of r and s and let v
be a common subword of xbuy and s.

Case 1: s P Rkj
. Since H satisfies the C 1p4{Nq–condition, we have |w| ď 4|s|{N ď

|s|{100. Moreover, v has to be a subword of u and hence also has to satisfy |v| ď |s|{100.
Case 2: s P au1 “ b1

u1vu1 for some proper fraction u1 of a relator r1 P Rkj and b1
u1 , vu1 as in

Claim 4.32. By Claim 4.32 for j, we know that w “ w1w2w3 and v “ v1v2v3, where w1, w3

are common cyclic subwords of bu1 and bu, v1, v3 are common cyclic subwords of bu1 and
r, and w2, v2 have length at most µ|s|{1000. Using Claim 4.30, we obtain |v1| ď 2|r1|{U ,
implying |v| ď |s|{100. For w, observe that any common subword of bu1 and r has to be
a common subword of u1 and r. Hence |w1| ď |s|{N and |w3| ď |s|{N , yielding |w| ď

|s|{100. ■
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Claim 4.32. Let u be a proper fraction of a relator r P Rkn . The word au is a cyclic
geodesic in Gn´1 and satisfies 4N |u| ě |au| ě |r|. Moreover, there exists a cyclic shift
a1
u “ b1

uvu of au such that b1
u is a subword of bu and |vu| ď fp|u|q ď µ|au|{1000.

Proof of Claim. Define a loop q1 ¨ ¨ ¨ q6 in Gn´1 such that q1, q2, q3, q4, q5 are labeled by
bRu x, du, ybux, du and ybLu , respectively, and q6 is a geodesic. Note that the label of q6
represents the same element as a2u. This fits the setting of Lemma 4.17 with |du| playing
the role of M , as Claim 4.31 implies that bRu x, ybux, and ybLu are all pn ´ 1q–good and, as
each contains u as a subword, have length at least 100|du|. Hence, Lemma 4.17 implies that
q6 goes through the midpoint m of q3. In particular, |q6| “ dpq´

1 ,mq ` dpm, q`
5 q “ 2|au|.

Thus, a2u is geodesic, implying that au is a cyclic geodesic.
Thus, we can assume that q6 is labeled by a2u. Lemma 4.17 then further implies that

there exists a word b1
u Ă bu of length at least |bu| ´ 100|du| which is a subword of a2u,

implying the existence of a cyclic shift a1
u as desired. Consequently, |bu| ` 2 ` |du| ě

|au| ě |bu| ´ 100|du|. The conditions in the construction yield 4N |u| ě |au| ě |r| and
|vu| “ |au| ´ |b1

u| ď 101|du| ` 2 ď fp|u|q ď µ|au|{1000. ■

Claim 4.33. The set Qn satisfies the C 1pµ{3q–condition.

Proof of Claim. Let s ‰ s1 P Qn, and let w be a common prefix of s and s1. We want to
show that |w| ă µ|s|{3.

If s, s1 P Rkn
, this follows from H satisfying the C 1p4{Nq condition, since N ě 12{µ.

If s P Rkn
and s1 P au for some proper fraction u of a relator r P Rkn

, then w cannot
contain letters from T˘. Thus the longest common subword of bu and s has length at
most |u|. By Claim 4.32, w “ w1w2w3, where w2 is a subword of vu and w1, w3 are
subwords of bu. The length estimates from Claim 4.32 and the fact that U ě 1000{µ yield
|w| ď 2|u| ` |vu| ď µ|s|{3 ď µ|s1|{3.

Lastly, if s P au and s1 P au1 for some proper fractions u, u1 of relators r, r1 P Rkn
, then

by Claim 4.32, w can be written as w “ w1w2w3 “ w1
1w

1
2w

1
3, where w2, w

1
2 are subwords of

vu, v
1
u, w1, w3 are subwords of b

˘
u and w1

1, w
1
3 are subwords of b

˘
u1 . By Claim 4.30, any common

subword of wi, w
1
j for i, j P t1, 3u has length at most 3|r|{U . Hence |w| ď 12|r|{U`|vu|`|v1

u|.
Thus, by the length estimates in Claim 4.32, we have |w| ď µ|au|{3. ■

Claim 4.34. The group Gn satisfies the Cpεn, µ, 10
6εn{µ ` 1q–condition over Gn´1.

Proof of Claim. We will use Lemma 4.16, so it suffices to prove conditions (C̃1)-(C̃4).
(C̃1): Let s P Qn. If s P Rkn

,then s is pn ´ 1q–good by Claim 4.31 and hence a geodesic
in Gn´1 by Proposition 4.9(i). Otherwise, s P au for some proper fraction u of a relator
r P Rkn , in which case s is geodesic by Claim 4.32.

(C̃2): Let s P Qn. We have |s| ě |r| for some r P Rkn
: if s P Rkn

this is immediate, and
otherwise this follows from Claim 4.32. Hence |s| ě 106εn{µ ` 1 by (G4).

(C̃3): This holds by Claim 4.33.
(C̃4): If s P Rkn

, then s is pn´ 1q–good by Claim 4.31, so we can set sg “ s. Otherwise,
s P au for some proper fraction u, and using the notation from Claim 4.32, we choose sg “ b1

u.
By Claim 4.31, b1

u is pn ´ 1q–good, and |au| ´ |b1
u| “ |vu| ď fp|u|q by Claim 4.32. ■

The following claim concludes the induction step:

Claim 4.35. The group Gn satisfies the pf, µ, pεnqnq–expanding graded small cancellation
condition.

45



Proof of Claim. The group Gn´1 satisfies the pf, µ, pεnqnq–expanding graded small cancel-
lation condition: if n “ 1, we only only have to show that (T3) holds, which it does by
construction, while if n ą 1, this is true by induction. The relators of the groups Gn and
Gn´1 only differ at level n. It thus suffices to show that εn`1 ě 4|q| and fp|q|q ą εn for all
relators q P Qn, and that (T1) and (T3) hold for n.

Let qn P Qn. Then |qn| ě |rn| for some rn P Rkn : this follows from Claim 4.32 if
qn R Rkn and is immediate if qn P Rkn . Hence, (G3) implies fp|qn|q ą εn. The inequality
εn`1 ě 4|qn| holds by definition of εn`1.

(T3): This is the same condition as (C̃4) and proven in Claim 4.34.
(T1): This holds by Claim 4.34. ■

Proposition 4.36. The group G “ xS Y T |
Ť8

i“1 Qiy is MLTG and contains a Morse
element.

Proof. To show G is MLTG, we will show that it has σ–compact Morse boundary, which
suffices by Theorem 1.1. For i ě 1, define the sublinear functions

ρiptq “ i ` 2 logp6N3t2q ` fptq.

Recall that by the construction of H, all relators of Rki
have the same length. Thus by

Claim 4.32 we have 4N |r| ě |q| ě |r| for all r P Rki
and q P Qi´Rki

. Hence the assumptions
of Proposition 4.26 are satisfied. Therefore, by Proposition 4.26 and Lemmas 3.4 and 2.10,
to prove that G is Morse local-to-global, it suffices to show that any geodesic in G with
sublinear relator intersection function is ρi–relator intersecting for some i.

Let λ be a geodesic in G with sublinear relator intersection function ρλ. Then there
exists T0 ą 0 such that ρλptq ă t{N for all t ě T0. Let i0 be such that |r0| ą T0 for any
(equivalently, all) r0 P Rki0

, and let T1 “ |r0|. We claim that λ is ρ4NT1
–relator intersecting.

Claim 4.37. If r P Rj and w is a common subword of r and λ, then |w| ď T1.

Proof of Claim. Assume |w| ą T1. Then j ą ki0 , and so by (H3), there exists r1 P Rki0

and a common subword v of w and r1 or pr1q´1 such that |v| ě |r1|{N “ T1{N . Hence
ρλpT1q ě |v| ě T1{N , a contradiction to the definition of T0. ■

Let q P au for some proper fraction u of a relator r P Rkj for some j, and let w be a
common subword of q and λ. We have |au| ď 4N |u| by Claim 4.32. Thus, if |u| ď T1, then
|w| ď ρ4NT1

p|q|q.
Suppose |u| ą T1. Claim 4.37 implies that the longest common subword of u and λ

has length at most T1, and so u cannot be a subword of w. Using Claim 4.32 and the
notation thereof, we obtain that w has to be contained in a word of the form uη1vuη2u,
or uη3u, where the words ηk have length at most Mj and |vu| ď fp|u|q. Consequently,
|w| ď 2T1 ` 2Mj ` fp|u|q ď ρ4NT1

p|au|q. Hence, λ is ρ4NT1
–relator-intersecting, concluding

the proof that G is MLTG.

We next show that any generator x P T is an infinite order Morse element by showing
that γ, the path starting at the identity and labeled by x8 is a Morse geodesic. Let ρ be
the relator intersection function of γ. To prove that γ is a geodesic it suffices to show that
γ is 8–good, that is, that ρptq ď t{100 for all t. If ρ is also sublinear, then γ is Morse, and
hence x is a Morse element.
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Let q P Qi be a relator. Then either q P Rki , in which case its intersection with γ is
trivial, or q P au for some proper fraction u of a relator r P Rki . Using the notation of
Claim 4.32 and the construction of G, we obtain that any common subword w of q and γ is
contained in η1vuη2, where η1, η2 P TMi

and |vu| ď fp|u|q ď µ|au|{1000. The upper bounds
on Mi and f yield the desired upper bounds on |w|.

The proof of the next proposition is similar to the proof of [AZ25, Lemma 4.6].

Proposition 4.38. The group G “ xS Y T |
Ť8

i“1 Qiy is not acylindrically hyperbolic.

Proof. Suppose G acts on a δ–hyperbolic space X, and fix a basepoint x0 P X. By [Osi16,
Theorem 1.2], it suffices to show that no infinite-order element of G is a loxodromic isometry
of X. To that end, let w P G be any infinite order element. We will show that dXpx0, w

nx0q

is sublinear in n, which implies that w is not a loxodromic isometry of X.
Let K be the constant from Lemma 4.27, and choose n ą K. There exists r P R such

that f 1p|r|{Lq ą n and |r| ą N0. We view r as an embedded cycle in X. By Lemma 4.27,
the relator r has a proper fraction u such that dXpu´, u`q ď gp|r|q. Corresponding to this
proper fraction u, the group G has a relator au, which is a geodesic word representing the
same element as cu “ bRu xduyb

L
u , where du is a geodesic word representing the same element

as wf 1
p|r|{Lq and bRu , b

L
u are defined in (4.25). Recall that each ηmu`m is chosen from TMi ,

the set of words in T of length Mi, and Mi “ log2p6N |r|2q by (G1). Therefore, by the
triangle inequality, the endpoints of wf 1

p|r|{Lq in X are at distance at most

2N
ÿ

m“1

|ηmu`m| `

2N
ÿ

i“1

dXpu´, u`q ` 2 ď 2N logp6N |r2|q ` 2Ngp|r|q ` 2 :“ Ap|r|q.

Since f 1 is superlogarithmic and grows faster than g, the function Apxq grows slower than
f 1. Therefore, dXpx0, w

nx0q grows sublinearly, and so w is not a loxodromic isometry of X,
concluding the proof.
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